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Linear vs branching time

oTLss4.1-1

transition system

T = (S, Act,—, Sp, AP, L)

state graph
+ labeling

linear-time view

state sequences

Y

traces

abstraction from actions

VAN

on AP

projection | branching-time view

states & branches

J

computation tree
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Computation tree orLssd.1-1c

The computation tree of state sp in a transition system
T = (S, Act,—, Sp, AP, L) arises by:

e unfolding 7, = (S, Act, —, s, AP, L) into a tree
e abstraction from the actions

e projection of the states s to their labels L(s) C AP
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Example: computation tree oTLssd.1-1a

mutual exclusion with semaphore and AP = {crity, crity }:
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Linear vs. branching time

oTLSS4.1-2

linear time branching time
: path based state based
behavior :
traces computation tree
temporal LTL CTL
logic path formulas state formulas
model PSPACE-complete PTIME
checking| O(size(T) - exp(|¢|)) | O(size(T) - |®|)
- trace inclusion simulation
rellrgfic-)n trace equivalence bisimulation
PSPACE-complete PTIME
fairness can be requires special
encoded

treatment
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:
p u= Q| o U,
eventually: always:
e ¥ Jtweuod) O E 7

Voo & V(true U @)

note: I-O-® is no CTL formula
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | El<p|‘v’<p
CTL path formulas:
p u= Q| o U,
eventually: always:
e ¥ Jtweud) 00 ¥ wo-o

Voo E V(trueU®) VOO & —30-0
note: I-O-® is no CTL formula
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”
VO( request — V{)response )
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”

VO( request — V{)response )
traffic lights vO( yellow — YQred)
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<|>1/\¢2 | ' | El<p|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”

VO( request — V{)response )
traffic lights vO( yellow — YQred)
reset possiblity VO3 start
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<|>1/\¢2 | ' | El<p|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”

VO( request — V{)response )
traffic lights vO( yellow — YQred)
reset possiblity VO3 start
unconditional process fairness YLINOcrity A VOV crit,
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Alternative (standard) Syntax for CTL

E (D there exists a path

A () for all paths

X () in the next state

U until (strong) (W,V,R...)

F (<>) finally (eventually)

G ([1) generally (always)
Examples

[mutual exclusion]
— V[ ](Eeritl Vv [krit2) AG([Eritl VvV [knit2)
[every request will be answered eventually]

— V[]( request — V<> response ) AG( request — AE response )
[traffic light]

— V[]( yellow — V Ored) AG( yellow — AX red )
[reset possiblity]

— V[]d<> start AG EF start



Semantics of CTL ctLssd 111

define a satisfaction relation |= for CTL formulas
over AP and a given TS T = (S, Act, —, Sy, AP, L)
without terminal states

e interpretation of state formulas over the states

e interpretation of path formulas over the paths
(infinite path fragments)
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Reca l I : Se ma nti CS Of LT L CTLS$4.1-LTL-SEMANTICS

for infinite path fragment m = sy 515, .. .:

T [= true

Tl a iff spl=a e, a€lL(s)
TEeiApy iff mlEp and @2
T = iff T

T = Qg iff suffix(m,1)=s19s...F¢
7w |= @1 Uy iff there exists j > 0 such that
suffix(m,j) = Sj Sj+1 Sj+2 ... |F 2 and

suffix(m, k) = skSk+15k+2 ---FE @1 for0< k <
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Satisfaction relation for path formulas orLssd.1-11a

Let 1 = 59815 ... be an infinite path fragment.

T = Q® iff s =®

m | ® U, iff there exists j > 0 such that
si @
sk P for0< k<j

semantics of derived operators:
7 = Q¢ iff there exists j > 0 with sj = ®
m =0¢ iff forall j >0 we have: sj=®
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Satisfaction relation for state formulas CTLss4.1-13

s | true

skEa iff ae€ L(s)

sE®PAD, iff sE®; andsE D)

s iff s>

skE3Jp iff there is a path m € Paths(s)
st. T

s EVe iff for each path m € Paths(s):

TR

satisfaction set for state formula ®:

Sat(®) ¥ {seS:sE o)
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Interpretation of CTL formulas over a TS cussaiasa

satisfaction of state formulas over a TS 7 :

TE® iff S C Sat(P)
iff so = @ for all initial states sp of T

where Sy is the set of initial states

recall: Sat(®) = {s€S:sfd}
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Semantics of the next operator oTLSS4.1-8

s EIOP iff there exists T =551 5, ... € Paths(s)
st. tE Q®,ie,5E®
s EVO® iff forallm=ss s, ... € Paths(s):
Tk Qb ie,s5E®

30¢ VYOO
S S
S1

Post(s) N Sat(®) # & Post(s) C Sat(®)
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Semantics of until and eventually CTL884.1-9

A(41U0,) o V(®1U®,) o
S o VOO o
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Semantics of eventually and always CTL884.1-10

VOO -~30d

K5 LD KR
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Specifying “infinitely often” in CTL

If sisastateina TS and a € AP then:

s e VOVOa
iff  for all paths m = sps1 5. .. € Paths(s):

o0
3i>0. st. siEa

iff S |=|_T|_ D(}a
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Example: CTL semantics

T start

try

(lost) (error) (delivered)

®; = IQV-start

CcTLSS4.1-16

T |= 3OVO-start ?



Example: CTL semantics oTLSS4.1-16

T (start T |= 3OVO-start ?

try

(lost) (error) (delivered)

®; = 3| VO-start

Sat(VO-start) = {error}




Example: CTL semantics oTLSS4.1-16

T (start T |= 3OVO-start ?

try

(lost) (error) (delivered)

¢, = 3AQ| VO-start | ~» IO error

Sat(VO-start) = {error}
Sat(AQVO-start) = 7
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Example: CTL semantics oTLSS4.1-16

T start

try

T | 3OVO-start  +/

(lost) (error) (delivered)

o, =

30

VO-start

~ Q| error

Sat(VO-start) =
Sat(3IQVO-start) =

{error}

Sat(3Qerror) = “all states”
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start
Iry T = VOIOVO-start ?

(lost) (error) (delivered)

&, = VYOIV -start
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start
Iry T | VOIAOVO-start ?

(lost) (error) (delivered)

®; = VO30

Sat(VO-start) = {error}
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start

Iry T = VOIOVO-start ?

(lost) (error) (delivered)

&, = VO |AQVO-start| ~~ YO (AQerror

Sat(VO-start) = {error}
Sat(3QVO-start) = {error,try}
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start

Iry T = VOIOVO-start ?

(lost) (error) (delivered)

o, = VOIAOQVO-start  ~ YO(error V try)

Sat(VO-start) = {error}
Sat(AQVO-start) = {error, try}
Sat(VO3IQOVO-start) = ?
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Example: CTL semantics

T start

try

(lost) (error) (delivered)

CcTLSS4.1-16

T | AQVOstart
T EVYO3OvO-start /

o, = VOIAOQVO-start  ~ YO(error V try)
Sat(VO-start) = {error}
Sat(AQVO-start) = {error, try}
Sat(VO3AOQV-start) = {error, lost, start}
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ ={b}
O=g

T k= 303(aU b) ?
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T k= 3((303) U b) ?
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T = 3((30a) U b) as t £ 30a, u = 3I0a
T E=3(aUV(—-aUb)) ?



Example: CTL semantics = cus 4118

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T = 3((30a) U b) as t £ 30a, u = 3I0a
T E3(aUV(-aUb))

O—@— - | aUV(=aUb)
I véan)
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.
Is the following statement correct ?

if T —-® then T E®

answer. no

transition system 7" with 2 initial states:
{a} ) T £ 30a
T bé -d0a
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Equivalence of CTL formulas orLssd 122

&, =®, iff for all transition systems 7 :
T |= ¢, = T |= P,

iff  for all transition systems 7 :

Sat(¢1) = Sat(¢2)

Examples:
- = ¢
ﬂ(‘b A W) = dVvV-V

VO® = 30—
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Correct or wrong? CTLssd 1-23

A0(aA b) = F0a A FOb

wrong, e.g, \O<g

VO(aAb) = VOa A VOb

wrong, e.g., \C ® .:]

but:

VO(®; A D,)
30(P1 V )

voe, A VO,
A00; v P,
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Expansion laws CTLS84.1-26

(U W)
V(o U W)

A0V
VoW

(P W V)
V(o W W)

=l

vie =

= WV (¢ A3OI(PUW))
= Vv (d A VYOY(PUW))

v v 3030V
= Vv VYOWOW

= ¥V (®AITOI(® W W)
= WV (®AVOVY(® W W¥))

® A 3030
® A YOVObO
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Duality laws

CTLSS4.1-27

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = VO
duality of U and W, e.g.:
V(eUWV) = -3((PA-V)W(=dAV))
= -3J((-V) W (= A -V))
= -J((-V)U(=P A-V)) A -0~V
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Existential normalform for CTL CTLSS4.1-28

For each CTL formula W there is an equivalent
CTL formula ® built by

e operators of propositional logic
e the modalities 30, U and 30.

¢ = true | a | P, NPy | - |
A0 | (e UD,) | 300

transformation W ~~» ® relies on:
YOW ~» ~dOW
V(\Ill U \U2) > ﬂa(ﬂ“h U(ﬂwl A —I\U2)) A —IE":lﬂ\lb
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Equivalence of CTL and LTL formulas

Let ® be a CTL formula and ¢ an LTL formula.

® = iff for all transition systems 7 and
all states s in 7:

sEaqL® <= skEmLe

e.g., CTL formula ® | LTL formula ¢

a a

VOa QOa
V(aU b) aUb

a,be AP
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More examples

CTL formula ®

COMPARISON4.2-1A

LTL formula ¢

a
VQOa
V(aU b)
Vla
VQa
V(aW b)
VOVOa

AN

a
QOa
aUb
WE]
Oa
aWb

O0a but: VOVOa # ¢0a

/!

infinitely often a

10/138



The CTL formula YOVOa

s EVYOVOa iff on each path 7 from s

there is a state t with t |=VOa
T

i.e., all states in the computation tree of t fulfill a

YOVOa

T = VOVOa
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O0a # VOVOa

transition system 7

{a} g {a}
B8

T = 00a

T béc'n_ VOVD&

Sat(VOa) = {@}

computation tree
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From CTL to LTL, if possible

For each CTL formula ® the following holds:
e either there is no equivalent LTL formula
e ord=¢p

where ¢ is the LTL formula obtained from ®
by removing of all path quantifiers 3 and V

without proof

¢ =VOVa
l
p=0La# &

hence: there is no LTL formula equivalent to ®
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Expressiveness of LTL and CTL

The expressive powers of LTL and CTL are incomparable

e The CTL formulas VO(a AV(Qa), VOVOa and
V3O a have no equivalent LTL formula

e The LTL formula ¢Oa has no equivalent

CTL formula
LTL CTL
O | os | wovOa
i v0(a AVOa2)
O30 a
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LT L form U Ia ODa COMPARISON4.2-58

There is no CTL formula which is equivalent to
the LTL formula ¢0a

Proof (sketch): provide sequences (7p)n>0, (7,))n>0
of transition systems such that for all n > 0:
(1) 7n}~O00a
(2) T F 00
(3) 7T, and 7! satisfy the same CTL formulas
length < n
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CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP
question: does T = ® hold ?
idea:
e compute Sat(®) ={s€ S:s | o}
e check whether Sy C Sat(®)
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CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP

tion: does T = ® hold ? -
question: does T |= ® ho inner subformulas first

/

FOR ALL subformulas W of ® DO
compute Sat(WV)
replace W by a new atomic proposition ay

FOR ALL s € Sat(W) DO add ay to L(s) 0D
0D

IF Sp C Sat(®) THEN output “yes”
ELSE output “no”

FI
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Example: CTL model checking
= 3JOa Vv I(bU~c)

tax tree for ®
syntax tree for compute Sat(a), Sat(b), Sat(c)

processed in
bottom-up fashion

10/ 454



Example: CTL model checking

o= 3J0Oa vIbU-c) ~ aVa
N—— ——
P, P,

syntax tree for ®

compute Sat(a), Sat(b), Sat(c)

Sat(®1) = ... = Sat(a;)
Sat(—c) = S\ Sat(c)
Sat(®y) = ... = Sat(ay)

replace ®; with a;
replace ®, with a,

processed in Sat(®d) = Sat U Sat
bottom-up fashion at(®) = Sat(a1) U Sat(,)
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CTL model checking

given: finite TS T = (S, Act, —, Sp, AP, L)
CTL formula ® over AP
question: does T = ® hold ?

method: regard in bottom-up manner all subformulas
W of ® and compute their satisfaction sets

Sat(V) = {se€S:sfEV}

here: explanations for the case that ® is
in existential normal form

analogous algorithms can be designed for standard CTL
(and the derived operators)
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Recall: Existential normal form for CTL

For each CTL formula there is an equivalent
formula in 3-normal form, i.e., a CTL formula
with the basis modalities 30), 3U, J0.

CTL formulas in 3-normal form:
V = true | a | =) | V; AV, |
A0V | I(w.uwy) | 30OW

CTL formula ~ CTL formula in 3-normal form

VO® ~ =30~
V(‘Dl U ¢2) A~ —-EI(—-¢2 U(—lq)l A —|¢2)) A 30—,
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Recursive computation of the satisfaction sets ...

Sat(true) =S

Sat(a) ={seS:ael(s)}

Sat(—®) = S5\ Sat(®)

Sat(P1ADP,) = Sat(®;) N Sat(P,)

Sat(3OP) = {s € S : Post(s) N Sat(®) # &}
Sat(3(P; Udy)) =

Sat(3000) -

treatment of dU and dLI:
via fixed point computation
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Least fixed point characterization of JU

A(P1Ud,) = &,V (&1 AFOI(P1 U D))

Sat(3(P1 U d,)) = Sat(P,) U

{s € Sat(®;) : Post(s) N Sat(I(®, U ,)) # &}
satisfies the following conditions:
(1) Sat(®,) C Sat(I(P1 U d,))

(2) If s € Sat(®,) and Post(s) N Sat(I(P, U P,)) # @
then s € Sat(EI(Cbl U ¢2))

Sat(I(P1UP,)) is the smallest set s.t. (1) and (2) hold
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 \ (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®;) U {s € Sat(®y) : Post(s) N T #@} C T

riyy

Sat(EI(¢1 U ¢2))
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CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}

To:= Sat(®), Tp1:={s€ T,:Post(s)NT,+# 2}

N
o 5./0—

Sat(®) QJ ot
J

o« /)
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Recursive computation of Sat(...) CTined.38
Sat(P1AD,) = Sat(P;) N Sat(P,)
Sat(—P) = S\ Sat(®P)
Sat(30P) = {s € S: Post(s) N Sat(®) = &}
Sat(3(P1 U D,)) = smallest set T of states s.t.

° Sat(<b2) CcCT
o s¢€ Sat(®y) and Post(s)NT#Q = se T

Sat(A0P) = greatest set V of states s.t.

° VQSat(cb)
e secV = Post(s) NV #2
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CTL model checking: treatment of JU CTiMCA 314

compute Sat(3(P1 U P,)) via an
enumerative backward search

T := Sat(®y) «—
E := Sat(®;) «—
WHILE E # @ DO

0D
0D

return T

collects all states s |= 3(®; U ®5)

set of states still to be expanded

select a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s € Sat(®1) \ T THEN add sto T and E FI

complexity: O(size(T))
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Computation of Sat(300P) CTINCA318

T := Sat(®) «| organizes the candidates for s |= 300®
E:=S\T <« setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s€ T and| Post(s)N T = @& | THEN

- remove s from T and add s to E
0D

return T

naive implementation:
quadratic time complexity
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Computation of Sat(300P) using counters i

T :=Sat(®); E:=S\T
FOR ALL s € Sat(®) DO c[s| := |Post(s)| 0D

loop invariant: c[s| = |Post(s)N(TUE)| forse T

WHILE E 76 @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF se€ T THEN
cl[s] :==c[s] -1
IF c[s] =0 THEN
remove s from T and add s to E FI

complexity:

O(size(7))

FI
0D
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Recursive computation of Sat(...) CTLNC3-8A
Sat(P1APy) = Sat(P;) N Sat(dy)
Sat(—P) = S\ Sat(®P)
Sat(30P) = {s € S: Post(s) N Sat(®) = &}
Sat(EI(d)l Udy)) = |J T, where
= Sat(P,) =0
Toi1 = {s € Sat(®1) : Post(s)N T, # &}

Sat(30®) = () V, where

n>0

Vo = Sat(®); Va1 = {s € V,: Post(s) N V, # &}
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Complexity of CTL/LTL model checking  crvcis2

CTL model checking: O(size(T) - |®|)

LTL model checking: (’)(size(T)-eXP(|<P|))

model complexity, i.e., for fixed specification:

CTL and LTL:  O(size(T))

If & = ¢ then “often” we have: |®| = exp(|¢]|)
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of
LTL formulas such that:
o |oa| = O(poly(n))
e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!. Then:

o loal =lehl +1=0(n?)

e (, has an equivalent CTL formula, e.g., °®/,
Suppose there is a CTL formula of polynomial length

that is equivalent to ¢,. Then:
Hamilton path problem € P and P = NP
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Complexity of CTL and LTL model checking creamiat

LTL model checking problem:
PSPACE-complete and solvable in time

O(size(T) - exp(|))

CTL model checking problem:

solvable in polynomial time (even PTIME-complete)

O(size(T) - |®))

4/168



Complexity of CTL and LTL model checking creamiat

LTL model checking problem:
PSPACE-complete and solvable in time
O(size(T) - exp(|))
LTL with fairness: O(size(T) - exp(|¢|) - |fair|)

CTL model checking problem:
solvable in polynomial time (even PTIME-complete)
O(size(T) - |®|)
CTL with fairness: O(size(T) - |®| - |fairl)

6/168



Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness O — OO

where ¢, 1 are propositional formulas

Reduction of =g to =

T Epir ¢ iff 7w | @ for all fair paths win T

iff for all paths 7 in 7:
= fair — ¢
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CTL fairness assumptions OTLA.4-4A

conjunctions of “formulas” of the type

e unconditional fairness: OO®
e strong fairness: Oov — O0d
e weak fairness: o0V — OOd

where W, ® are CTL state formulas

note: CTL fairness assumptions

e are not CTL (state or path) formulas

e just a syntactic formalism to specify fairness
assumptions
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Satisfaction relation for CTL with fairness cimias

s Eqir true

s Erir a iff ae L(s)

s Epir P iff s g ®

s Egir P1ADy iff s g, ®1 and s g ©2

s FErir o iff there exists m € Paths(s) with
w |= fair| and 7 Epi- @

s FEpir Vo iff for all w € Paths(s):
w |= fair | implies m =g ¢

e.g., s %... EO0D iff OE? i>0st. s |
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Preprocessing of FairCTL model checking crirumrisi2,

given: finite transition system 7
CTL formula ® in d-normal form
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?

preprocessing: apply a standard CTL model checker
to evaluate the CTL state subformulas of fair

e compute Sat(V;;) and Sat(V;>)

e replace and W; 5 with fresh atomic
propositions b; and ¢;, respectively
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Idea of FairCTL model checking CTLFATRA.4-125

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T =g ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner. Treatment of:

e true, a € AP, A\, —: as for standard CTL
e J0, dU: via standard CTL model checking
e LI via analysis of SCCs
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Summary: fairness in CTL CTLRAIR.4-34

CTL fairness assumptions: formulas similar to LTL

e.g., fair = /\ (D(}‘V,‘ — DO¢,‘)
1<i<k
CTL satisfaction relation with fairness:
s Egir Ao iff there exists m € Paths(s) with

m = fair and w |Egi @

model checking for CTL with fairness:
e d0, AU, VO, VO via CTL model checker
e analysis of SCCs for d01, YU
e complexity: O(size(T) - |®| - |fairl)
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OverView OVERVIEWG.5

Introduction

Modelling parallel systems

Linear Time Properties

Regular Properties

Linear Temporal Logic (LTL)

Computation Tree Logic
syntax and semantics of CTL
expressiveness of CTL and LTL
CTL model checking
fairness, counterexamples/witnesses
CTL* and CTL* —

Equivalences and Abstraction
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Combining LTL and CTL ~ CTL* CTLsTA.6-1

a N\
Qa
Oa CTL
k 2)3 O 3IOa /
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Syntax Of CTL* CTLST4.6-4

state formulas:
¢ = true | a | P, NPy | - | Jp

path formulas:

o = 0| piAp | 9| Op | prUgs

derived operators:
o V, —, etc.
e eventually, always as in LTL:
Qp = trueUp, Op = =0

e universal quantification: Vp = -d-p
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Semantics of CTL* OTLSTA.6-2

Let T = (S, Act, —, Sp, AP, L) be a transition system
without terminal states.

define by structural induction:

e a satisfaction relation |= for
states s € S and CTL* state formulas

e a satisfaction relation |= for infinite
path fragments w in 7 and CTL* path formulas
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Semantics of CTL* state formulas IR

s | true
skEa

sE -
sE® AP
sk

iff ae€ L(s)
iff s b o
iff s|:¢1ands|:¢2

iff there exists a path m € Paths(s)

such that = ¢
T

satisfaction relation |=
for CTL* path formulas
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Semantics of CTL* path formulas CTLSTA.6-28

let m = 5951 5 ... be an infinite path fragment in 7

TE® iff so = ® «— satisfaction relation for
*
— o e CTL* state formulas

TEeiApy iff Tl andmE @2
T Qg iff suffix(m,1) = ¢
m = p1Upy iff there exists j > 0 such that

SUfﬁX(ﬂ')j) |= P2
suffix(m, i) = @1 for0<i<j

suffix(m, k) = Sk Sk+1 Sk+2 - - -
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Examples of CTL*-formulas

oTLST4.6-3
mutual exclusion:

safety  VO(—erity V —crity)

liveness VOOcrity A VOcrits

progress property, e.g., VO(request — {response)
persistence property, e.g., VO[Oa

CTL* formulas with existential quantification, e.g.,
Hamilton path problem (for fixed initial state)

3( V/e\v( OvADO(v — OO-v)))
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Expressiveness of CTL, LTL and CTL* CTLST4 -4

e CTL is a sublogic of CTL*
e LTL is a sublogic of CTL*
e CTL™* is more expressive than LTL and CTL

4 voda v VO3I0h cTLs )
N\
LTL
VO CTL
oa Vo
= vomo | V597 | voaos
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Equivalence of CTL*-formulas CTLST4.6-15

YOoO-a
A00-a

—Ekp = V—-<p e.g., -3Jd00a
Vo = Jd-p e.g., "V0a

V(o1 Ap2) = V1 AV,
Hp1 V) = Fp1 VI,
but: V(1 V¢2) # Vo1 V Vo
Hpr1 Apa) £ Jpo1 A Jpo

VOO = VOVOp but: VOO # VOVOp
I00p = IAOA0p d00e # O30
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CTL* model checking oTLST4.6-24

given: finite TS T = (S, Act, —, So, AP, L)
CTL* formula ®
question: does T |= ® hold ?

main procedure as for CTL:

FOR ALL subformulas W of ® DO
compute Sat(V) ={s€ S: sV}
0D
IF So C Sat(®P)
THEN return “yes”

ELSE return “no”
FI
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Recursive computation of satisfaction sets crswig21

Sat(true) = S )
Sat(a) = {seS:ael(s)}

for CTL
Sat(®yA®y) = Sat(by) N Sat(ds) [ =" C
Sat(—P) = S\ Sat(®) )

Sat(Vyp) = Satiti(p) using an LTL
Sat(3p) = S\ Satiri(—) model checker
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Complexity of CTL/LTL/CTL* model checking ...

CTL LTL and CTL*
PTIME- PSPACE-
complete complete

= O(size(T) - | ) O(size(T) - exp(|¢]))

Etir | O(size(T)-|®|-|fair|) | O(size(T)-exp(|¢|)-|fairl)

N/

model complexity, i.e., for fixed formula:

O(size(T))
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modal p-calculus
w-tree automata

- ~\

CTL* w-word automata

Buchi automata
(never claims)
OLTL

,, l
CTL LTL

™~

LTL without X

same box  means ‘equally expressive’
single arrow means ‘more expressive than’
no arrow means ‘expressiveness is not comparable’



