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Operational equivalence



Operational equivalence

a;l ogpay i1 "Ion (#,!'$%n&#ay,!$%n)
by oplp 11 "1 v (#H,! $%VEHD,!$%V)
1l op o 01 "UUN (Her, ) $%! ! &#Htes, ! $%!)

termination and determinacy does not matter:
operational equivalence Is always well-dePned



Congruence

al!opaz ! "!,n.(#al,!$%n&#a2,!$%n)

take any context A[§ e.g. 2! ([§+5)

isitthe casethat a1 ! op @2 " Alai]! op Alaz] ?

that Is: can we replace a subexpressions with
any equivalent one without changing the outcome?



Contexts

what are the possible contexts for arithmetic expressions?

d+5
2! ([§+5)
2! ([§+5) " 5C
(2! ([d+5) " S0)#x=y
X =2! ([§+5)
while x! 100do x:=2" ([d+5)



Contexts

what are the possible contexts for arithmetic expressions?

Ald == [4
| Aldopa c[g = x:=A[
| aopA[g Cl4: c
¢, C[4
If B[ then celsec
B[4 := A[§dcmpa if bthen C[3 else c
a cmpA[4 If bthen celse C[4
AB[4 while B[d do c
B[4 bop b while bdo C[§
b bop B[4




Proof obligations

many proof obligations to deal with:
la,ar,a. (a1 " gpa2# agopa” gpazopa)

la,a;,az. (a1 " gp@2# aopa; " gpaopay)
la,a;,ap. (a1 " gp @2 # acmpa; " gpacmpay )

la,a;,a2. (a1 " gp @2 # agcmpa’ op a2 cmpa)

IX,a1,82. (a1 " gp @2 # Xi=a1 " gp X =2 )

similarly for boolean expressions and commands



Denotational equivalence



Denotational equivalence

a1 ! gen @ 1 Ala;" = Alay"

D! gen I Bly" = Blb"

Ct! genC I Cc"=Cc"

(two functions are the same
If they coincide on all arguments)



Compositionality principle

take any context A[g

is it the case that @1 ! gen 82" A[a1]! gen Ala2]?

YES! It Is guaranteed by the compositionally
principle of denotational semantics:

the meaning of a compound expression Is solely
determined by the meaning of its constituents
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Consistency

If we guarantee the consistency between
the operational semantics and

the denotational semantics

then the congruence property Is guaranteed
for the operational semantics too

!al,aZ-(al ) op 3-2#) il ) den 3-2)
!bl;bz-(bl"opbzig bl"dean)

-
1C1,C. (C1" op C2# C1" gen C2 )
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Consistency: expressions

ta&Aexp!!l " " Hal $% A A"

P(a) &1 " sl $% A la'

by structural induction

3" Bexp !l " " . # ! $% B !b"!

P(b) E'11 " #o,1 $% B 1"

by structural induction
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Consistency: commands
Ic" Com!! 1 # " $! o # Clc'! =17

can we write It as
Ilc" Com!!t" ", &!19%& Clc'! 2

no, because there Is no such formula as
! U |
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Consistency: commands

Ic" Com!! 1 #* " &l oRg |# Clcg'l =17
Ic" Com!! 1 #"

Correctness

P(%c,! Y& ! ﬁdef ¢'! =1 # py rule induction

lIc" Com
Completeness
PQ) S i ciet =1 F (0 gl og !

by structural induction
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Correctness

lc" Com !l I # "
P(tc,! %& | H L Ccre =1 #

by rule induction
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$skip, ! Y& !

We want to prove

P($skip,! & ! ) £ C1skip"! =1

Obviously the proposition is true by the debnition of the denotatit
semantics.
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la,! "# m

Ix:=a,! "# | ["V]

We assumeéa,! "# mand hencd !'a"! = mby the equivalence of th
operational and denotational semantics of arithmetic expressions.
We want to prove

P(Ix:=a!"# | [, ) EClx:=a'l =1 [",]

By the debnition of the denotational semantics

Clx:=a"l =1 A" ]1=1][",]

17



G, ! "# 158 g 188y 8
Icgicy,! "¢ 19
We assume
p(|CO,_ # |$§defC|CO"| =R

P( ot S5 19 G g 5 ) 8
We want to prove
P(lcicy,! "# ! L' Clgyeyt =18
By the denotational semantics debnition and the inductive hypothes
Clcoic"! = Cl"Clgy"! )= Clg" 3= Clugyt 31 3

Note that the lifting operator can be removed becdu$®& ' by the
iInductive hypothesis.
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Ib,! "# true lco,!"# 1¥
lif b then ¢y elsecy,! "# ! %

We assume

¥ Ib,! "# true and thereford !'b"! = true by the correspondenct
petween the operational and denotational semantics for boolea
Dressions;

¥ Plc! "# ! 9L Cigyt =18

We want to prove

P(!if b then ¢y elsecy,! "# ! ir)d:efC lif b then ¢ elsec;"! =1 %
In fact, we have

Clif b then ¢y elsecy"! = B Ib"! # Clcy"! ,Clcy"!

true# ! *Clcy"!
!$
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Ib,! "# false

lwhile bdoc,! "# |

We assumeb,! " # falseand thereford3 'b"! = false
We want to prove

P(while bdo c,! "# ! )% 'Clwhile b doc'! = !

By the bPxpoint property of the denotational semantics

Cl!while bdoc'! = B !b"! # Clwhile b do c"%(C!c"! ), !
= false# C!while b doc"{C!c"!),!
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b1 "# true lIc!"# 1% "whilebdoc! $$# 183
Iwhile bdoc,! "# 1%

We assume

¥ Ib,! "# true and thereford8 !b"! = true
¥ P(c!"# ! $§%cCict =18
¥ P(lwhile bdoc,! $# | $ €' Ciwhile bdoc'! $%= 18

We want to prove

P(while bdoc,! "# ! § ' Ciwhie bdoc'! =13

By the dePnition of the denotational semantics and the inductive hypo
C!while bdoc'! =B !b"! | Clwhile bdoc" (C'c'!),!
= true! C!while bdoc' ! #
= Cl!while bdoc" ! #

= C !while b do ¢! ##
!#

Note that the lifting operator can be removed sihé& %.
21



Completeness
lc" Com

P(o) Er1r 1 # e crgt =1 # (0 R 1

by structural induction
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We prove P(skip) €1 1% Clskip"! =1 #( )skip,! *! 1*

Assume C!skip"! =17
Then S
By rule (skip) )skip,! *! ! =1
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We prove P(x:=a)E"'1 1#Cix:=a'l =1#( )xi=al*l 17

Assume Cl!x:=a"'l =17
Then e | A /)
By consistency for expressions J&,! *! A la"!

By rule (asgn) )x:= a! *! 1 [A'@ ) ]=1"
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def

P(co) =" 1,1 " Clcy"! =17 )co,! *! 17
ASSUME  pic)) Sy w4 # Cigyt # 1 #( oy 1 #1 | #
We want to prove P(co;c1) Ty 1t Clegg! = #( )egieg,! *1 1Y

Assume Clcgc"! =17

we have Clcoc"! =Clgg" (Cleg"! )= # $

thus Clgy'! =17 forsome! "# $
and Clg"! =17
by inductive hypotheses %y,! & !~ %! & !

By rule (seq) 26g;c1,! & !
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P( )d:( 1 Cle"t =17) %! & !
Assume P(cy) % (1

dClgg"l =17) %! & !

We prove P(if b then co elsec;) £'(! ,! ". Clif b then co elsec;”! =1 "
) % Db then ¢y elsecy,! & !

Assume €&dif b then ¢y elsecy"! =1

we have C!if b then cg elsec;"! = B 1b"! * Cleg"! ,Cle"! =1

either B 'b"! = false or B !'b"! = true

if B !b"! = false C!if b then ¢y elsec;"! = Clg"! =1

%,! &' false by inductive hypotheses %! & !
By rule (ifff) % b then cy elsecy,! & !

if B Ib'l = true C!lif b then ¢y elsec;"! = Clgg"! =1
Ib,! "# true by inductive hypotheses %p,! & !
By rule (iftt) % b then cg elsecy,! & !
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Assume P %1 1" cre =1y w1 1"
def

We prove P(while bdoc) =!!,! . Clwhilebdoc"! =1!"
# $while bdoc,! %& !

we have Ciwhile bdoc'l = bx"pe!l = o n" (!
Cl!while bdoc'! =! "# $whilebdoc,! %& !
Iff " N bo R $wvhile bdoc,! %& !
ff 0t NLCY() =1 # Swhile bdoc,! %& !
iff In' N. "(1 =1"# $vhilebdoc,! % !
let Am) STt =1 "# $whilebdoc! Y& !

we prove tn' N.A(n) by mathematical induction
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def

Assume P(c)= (!, .Clc'l =1"7) %! & |
we prove tn’ N.AM E T 17" (1 =1"# $while bdoc,! %& !
A0) 2 11,1701 =1"# Swhilebdoc,! %& !
"b(,)c(! = (! =(
the premise "x(! =! isfalse ! = (

A(O) Is true
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Assume P@) E'(1 1" criet =1y o1& 1"
we prove tn' N.AM) ST 1 1 =1"4# $while bdoc,! & !
assume AM T 1N =1"# $whilebdoc! %& !
we prove A(n+ 1) €1 170 =1 "% gwhile bdoc,! 9& !
assume a1 = bc L=
by def B !b'l & Ti( (Clett),! = by rule (whff)
if B!b'! =false %,! &' false I =1 $whilebdoc! %& !
= |
fB'b' = true !b,! "# true :"” (Clc"l):!&#$
g |8 | 8 thus C!c ,=1%forsome! # $
“While b do c,! &¥# 1 & he,! " # 1 &

By rule (whtt)

" Ywhile b do ¢,0) — o’



Final remarks

Commands

Big-step operational semantics  Denotational semantics

Termination €3
(partial functions)

Determinacy @

Operational equivalence Denotational equivalence
IS a congruence
Consistency

(correctness + completeness)

Operational equivalence = Denotational equivalence
they are congruences

Well-founded induction KleeneOs bxpoint theorem
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