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HOFL
Operational vs Denotational



Differences

operational t# C denotational 't""
closed, typeable terms typeable terms
Nno environment environment
not a congruence congruence
canonical terms mathematical entities

(7

Vt,ce. t—c & Vp.[t]lp=lc|p
t# c%"".It"" =1Ic""

("""t =1c"")&%# ¢ thereis only one
type for which the
implication holds



Inconsistency: example

Ico™ ™

’:Int Co=! X x+ 0

Ci =1 X X

already In canonical forms

! CO" 1 — ! C]-ll 11

CO !II Cl

=X x+0"" = # d. d+ o #

0%% # d.d% !! x. x"" = Ic""



TH.

proof.

Correctness

t# C%II 1 . !tllll — !C""

we proceed by rule induction

p(t" ¢ L 1t = 1t

obvious



TH. t# C% mnm n . !tll 1 — !CII 1 (Continue)

t1! nNng ta! np assume

o[ NN — o
tl 0pt2 | nl ﬂ) n2 P(t]_ ' n]_) — . It]_ — !n]_ — &11
P(ta! np) Etun It,"" = """ = &y
we prove P(tiopt2! npopny) S 1ty opty"" = npopny "
'ty opty" " = Ify"" op, It,"" (by dePnition of &)
= &y’ op &ny’ (by inductive hypotheses)
= §nl o_|ori2'$ (by debPnition of_op)

= npopny " (by debnition of &)



TH. t# C% mnm n . !tll 1 — !CII 1 (Continue)

t—0 19— co assume def .
P(t ! O) e || 11 — ! Oll 11 — &I
P(to | ) d_ef || L— | CO" n

we prove P(if t thentg elsety ! ¢g) = 26t

If ¢+ then ¢y elser; — ¢g

. Hif t then tg elset"" = Icy™”

lif t then tg elset;"! = Cond!t"! ,!to"! ,!1t1"!)  (by def. of! &)
Cond!0",!tg"! ,1t1" 1) (by Ind. hyp.)
Itp" ! (by def. ofCond)

Nl (by Ind. hyp.)

Ifn) analogous (omitted)



nn 11 111 —_— 111 tinue)
t# c% It = 1c (con
TH.

ssume )
t# (ot) b# c %(t# (to,tr)) B! 1t"1 = I(to,ty)"!
fSt(t) H Co P(to# CO) d:ef $| | !tO"! — !CO"!
f "= gy
we prove P(fst(t) # co) £ $! . Ifst(t)"! = Icp"!
. of1 &)
np = n % 11" | (by def. of!
1SHO = %/((I t ’2)"!) (by Iind. hyp.)
P AN def. of! &)
= "0 (1", 1" )")  (by def. o
= "1(1p" !, 11" 1) (by def. of"h ting)
= Itp"! (by FIef. of" 1)
= Icy"! (by Ind. hyp.)

snd) analogous (omitted)



TH.

t# C%" Il. !tllll — !CIIII

tp# #x t& tilo/J# c aSSUME

H#
t8 L'gr 1 = Tax tE

(continue)

N

P(ty # #X
)7 Pt/ ] # o) £l #tf‘[tolx]$! = 1¢"!

we prove P((t1tp) # C) e I(t1 tg)"! = !c"!
It to)"! =let™ I 1"t . " (1" ) (by dePnition ofl &)

= let" ! x4 " (") (by ind. hypothesis)

= let" | #d. It,"! [97,] ." (1tp"!) (by debnition of &)

= (#d. 't," 1 [94]) (Mtg"!) (by de-lifting)

= 1t [ /] (by application)

= It/ «]"! (by Subst. Lemma)

= 1" (by ind. hypothesis)




TH. t# C% mnm n . !tll 1 — !CII 1 (Continue)

t[rec Xt/ J# ¢ assume

ecx t# ¢ P g# o L'sr. et g7 = 1en

we prove P(rec X.t# c) d=ef$p. lrecx.t"p=I1c'p

lrec x. t"! = It"I ['"ec*x /.1  (by debnition)
Ig[rec Xt/ " (by the Substitution Lemm:

Noall (by inductive hypothesis)
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HOFL convergence
Operational vs Denotational
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Operational convergence

t:$ closed

t" () c*Cs.t# cC

t ; ( At
Examples
rec Xx. x |
ly. rec x. x |
('y.rec x.x)0 |

If Othen 1lelserec x. x |
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Denotational converg.

t:$ closed

t" # 3 " Env& %V . It"" = " y(

t| ( :Htll

Examples

lrec X. x"I

ITy. rec x. x""

I('y. rec x. x) 0""

lIf Othen 1 else rec x. x"!
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Consistency on converg.

TH. t:$ closed t) * t"

proof. t) * t+ C by def (for some c)
* %" 1t"" = 1c¢"" by correctness
A R L canonical Mc"'" £ "
x t" by def

TH. t:$ closed t# & t$

the proof is not part of the program of the course
(structural induction would not work)
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HOFL equivalence
Operational vs Denotational
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HOFL equivalences

to,t1:! closed

to! gen t1 11 "1 1" = Tty "]



Op IS more concrete

TH. ' op " ! den
proof. take tp,t1:! closed, suchthat to! op 11
either 'Cc. tg" Cc# t1" c or to!" 1!

f 1c.tp”" Cc# t1" cC

by correctness !!. Itg"! = Ic™ = 1t;" thus to ! gen 11
if to!" 1]
by agreement on convergence o !" 17!

e 11, 1tg" =" p, = 2"l thus to! den t

17



Den Is strictly more
abstract

TH. ! den # ! op

Proof.
see previous counterexample

R’ Int Co=!X.x+0 c1="! X X



Consistency on Int

TH. t:int closed t! n " # 1.It"l = $n¢
pProof.

' ) if t! n then !t"! = In"l = In"

L) §f 't"! = In" jtmeans t!

by agreement on convergence t |
thus t! m for some m

but then by correctness 't"! = !'m”™! = 1Im"”

and it must be m = 1

19



Equivalence on Int

TH. otz it to! gpts " To! gent1

proof. weknow to! gpt1 ™ to! den t1
we prove to! den 1 © To! op U
assume to ! den 11 either!!, Itg"l =" 5 = Ity"]
or 'l Iy = "n#= 111" for some n
if 1o Ite" =" 2z, = 1t1"! then to!,t1!

by agreement on convergence to !,t1 ! thus to! op t1

if 11, 1tg"! = "n#= Ity"! then tg! n, ty! n
thus to! op 11

20



HOFL
Unlifted Semantics
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Unlifted Domains

D, ' (M) lifted domains
Vit ! Z

Vig, ! D P Dy, =(Vy)- b (W,)
Vigr i, D [D b Dy, l=[(M)- b (M) ]

unlifted domains
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Unlifted Semantlcs

as before In"l |
Ix" 11 (X)

It,"! op, !t

't opty"!

lif t then t; else t,"! | Cond ( !t"! , !t;"! , 1t,"1)
Irec x. t"1'1 bx"d. 1" [9/]
without lifting I(ty, )" D (1", ")
Ifst(t)"1 1 "y (1t")
|

Isnd(t)"1 ! ", (1t")
. t™ 1 hd 1t 9 4]
Ltto " D (1" ) (t"!)
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Inconsistency on converg.

t1! rec x. X :wnt — int to! ly.recz.z :int! Int

X int ! Int y,z:Int

Dintt int =[4+ ! Z+ ]

" =z 2 " =z 7
t; | ty |
ty ! to ! L! [

Uint 1t ine =12 1 Zv ]

" =1z 2 " =1z 27="1d !¢

t1 ! uniifted {2 ! uniitted

to I "# 12 Suniifted
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