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mu-calculus
models ( ; \U

syntax

Y = tt || Yo A1 | YoV classical ops
p|-p atomic propositions
O there is a next state where ¥ holds

(12 ¥ holds at every next state

x predicate variable, for recursive def
ur. v LEAST FIXPOINT of & =i, ¢
VT, P GREATEST FIXPOINT of £ =max ¢




mu-calculus: semantics

G=(V,—)

[v]p set of nodes where ¥ holds

\

p: PUX — p(V)
assignment

(p(V),C) is a complete lattice

for monotone functions: least / greatest fixpoint exist

for this reason negation is not present in the syntax
the formulas we consider: positive normal form

otherwise:
even number of negations before each variable occurrence
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Positive normal form

—OY = 0y -0y = O

—px. P = ve. [T /] —wr. P = px. Y[/, ]

—|—I¢Ew



mu-calculus: semantics

[]: F=(PUX = p(V)) = p(V)
defined by structural induction

[ttlp =V [0 Ar]p = [Wolp N [¥1]p
[fE]p =0 [0 V ih1]p = [Yo]p U [en]p
[plp = p(p) [Ov]p = {v | Fw e [¢]p. v — w}
[=plp =V \ p(p) [OY]p = {v | Yw. v = w = w € [¢]p}
) [uz. ¥lp £ fix AS.[¢]p[° /]
[z]p = p(x)

[vz. ]p = FIX AS.[¢]p[° /]
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mu-calculus: fixpoint

V  finite

f:9(V)— (V) monotone (hence continuous)

we can compute the least fixpoint by

fix f={]) f(0)

neN

we can compute the greatest fixpoint by

FIX f= () /"(V)

neN
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Examples

[Ctt]p = {v | Jw € [tt]p. v — w} Ott

={v | JweV.v— w} non deadlocked states

[Off]p = {v | Vw. v = w = w € [ff]p} .
={v | Vw. v —>w=wed}
deadlocks

— {v | v A}




Examples

w € [ff]p. v — w}

w e v— w}

Yw. v — w = w € [tt]p}

YVw. v > w=w €V}

Off

false

tt

true



Examples

[pa. x]p £ fix AS. [z]p[° /2]
= fizr AS. S

.y

lvzx. x| p 2 FIX M\S. ﬂxﬂp[s/x]
= FIX AS. S
=V

UI. T

false

vVxr. X

true



Examples

[px. Cx]p £ fix AS. [Ox]pl /»
= fir AS. {v | Fw € [z]p[® /2] v — w}
= fir AS. {v | Jwe S v—w}

So =10
px. Ox
S1=AHv | Jw € Sp. v — w} fal
:{U|E|w6@.”0%UJ} e
=0
ve. Ux

true



Examples

how to represent?

EO ¢ Y
AO 9 P
EF p pV...
pVO(pV---)
pVO(pVO(pV---
r=pV<x
ur. pV ox r?

ve. pV ox



EF p 7 Example

[ve. pVv Oz]p & FIX AS. [pV <Oz]pl® /]
= FIX AS. [plpl” /=] U [Ox]p[® /]
= FIX \S. p(p) U {v | Fw € [z]p[°/z]. v = w}
= FIX AS. p(p) U{v | Jw e S. v = w}

”
(p) U{v | Jw € Sp. v — w}

P
=plp)U{v | JweV. v - w}
o

S0
S1

(p) U{v can move}



EF p 7 Example

[ve. pVv Oz]p & FIX AS. [pV <Oz]pl® /]
= FIX A\S. [p]p[® /2] U [©x]p[” /2]
= FIX \S. p(p) U {v | Fw € [z]p[°/z]. v = w}
= FIX AS. p(p) U{v | Jw e S. v = w}

p(p) U {v can move}
p(p) U{v | Jw € S1. v = w}
p(

p)U{v | Jw € p(p). v - w} U{v can make 2 moves}



;. Examples

[vz. pVv Ox]p = FIX AS. [pV Oxﬂp[s/x]
= FIX AS. [plpl° /2] U [Ox]p[” /]

= FIX \S. p(p) U {v | Fw € [z]p[°/z]. v = w}
= FIX AS. p(p) U{v | Jw e S. v = w}

So=V
S1 = p(p) U{v can move}
So = p(p)U{v | Jw € p(p). v = w} U {v can make 2 moves}

Sy, = {v can reach a state in p(p) in less than n moves}

U{v can make n moves}



EF p 7 EXC(H'\P'Z

[ve. pVv Oz]p & FIX AS. [pV <Oz]pl® /]
= FIX AS. [plpl° /2] U [Ox]p[” /]

= FIX \S. p(p) U {v | Fw € [z]p[°/z]. v = w}
= FIX AS. p(p) U{v | Jw e S. v = w}

Sy = {v can reach a state in p(p) in less than n moves}

U{v can make n moves}

ﬂ Sn = {v can reach a state in p(p)|or has an infinite path|

neN



EF p 7 Examp'e

lpx. pV <xlp = fix AS. [pV Qxﬂﬂ[s/x]
= fix AS. p(p) U{v | Jw € S. v —» w}

S0
S1

() U{v| 3w e So. v = w)
(p)Udv | Jw € 0. v = w}

|
TR0 0 =

S



EF p 7 Example

lpx. pV <xlp = fix AS. [pV Qxﬂﬂ[s/x]
= fix AS. p(p) U{v | Jw € S. v —» w}

)
p(p

)
So (p)U{v | Jw € S1. v — w}
)

U{v | Jw € p(p). v — w}

p(p
p(p
{

= {v can reach a state in p(p) in less than 2 moves}



EF p 7 EXC(H'\P'C

lpx. pV <xlp = fix AS. [pV Qxﬂp[s/x]
—fix AS. p(p)U{v | Jw e S. v — w}

So =0
S1 = p(p)

So = {wv can reach a state in p(p) in less than 2 moves}

Sn = {v can reach a state in p(p) in less than n moves}

U Sy = {v can reach a state in p(p)}
neN




Example

which formula for
“some deadlock is reachable”?

ft x. pVox
ur. Off v Ox Heb P
deadlocks EF p

which formula for —(uz. Off v Ox) = v, -(0Off Vv O—x)
“deadlock free”? — . —(OfF) A =(O—)

— vx. <Ottt A Qo

20



Example

[ve. p A Dxlp & FIX \S. [p A Ox]p[° /4]

— FIX \S. [plp[® /] N [Ox]p[® /]
= FIX \S. p(p) N {v | Vw. v = w = w € [z]p[°/.]}
= FIX AS. p(p) N{v | Vw. v > w = w € S}

S1=pp) N{v | YVw. v > w=w € Sy}

N{v | Yw. v >w=weV}
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Example

[ve. p A Dxlp & FIX \S. [p A Ox]p[° /4]

— FIX \S. [plp[® /] N [Ox]p[® /]
= FIX \S. p(p) N {v | Vw. v = w = w € [z]p[°/.]}
= FIX AS. p(p) N{v | Vw. v > w = w € S}

So=V

S1 = p(p)

So=pp)N{v | Vw. v —w=we S}
= p(p) N{v | Vw. v 5w = w € p(p)}

— {v s.t. all nodes reachable in less than 2 moves are in p(p)}
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Example

[ve. p AOz]p £ FIX AS. [p A Dx]p[® /]

— FIX \S. [plp[® /] N [Ox]p[® /]
= FIX \S. p(p) N {v | Vw. v = w = w € [z]p[°/.]}
= FIX AS. p(p) N{v | Vw. v > w = w € S}

So =V ve. p N\ Ux
S1 = p(p) AG p

So = {v s.t. all nodes reachable in less than 2 moves are in p(p)}

S, = {v s.t. all nodes reachable in less than n moves are in p(p)}

ﬂ Sy = {v can only reach states in p(p)}

neN
23



Invariants & possibly

Invariants Inv(¢) = va. ¢ A Ox

Possibly Pos()) = px. ¢ V O



Example

which temporal formula®?

ur. gV (p A <x) E(p Ugq) (CTL)

uzr. gV (p A<z A Ox) A(p Ugq) (LTL/CTL)

ve. py. (pAox)V Oy EGFp (CTLY
S

/

after a finite number of steps you reach a state where
1) p holds
2) there is a next step where the property holds recursively
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mu-calculus with labels

.. / set of labels
O
LY

[Orylp = {v |3w e [¢]p. vw}
[OLy]p = {v |Vw- vw = w € [¢]p}

(DR
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Space reduction
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