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Probability

Nondeterminism: unpredictable future

Probability: quantitative estimation
how likely is a series of events?
how likely is to find the system in a given state?
what is the expected throughput of the system?
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Models
probabilistic models: 
when many actions are enabled at the same time 
the system uses a probability measure 
to choose what to do next

stochastic models: 
each event has a duration
a random variable is bound to each action 
(it represents the time needed to perform the action)
exponential distribution (memoryless, defined by a rate)
when a race between events is enabled, 
the fastest action is taken
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Probabilistic programming

Quantum computing
Approximate computing
Randomised algorithms
Bayesian networks
Security protocols
Biological modelling

functional / imperative programs
randomly drawn values
condition values by observations

Reliability analysis
Decision making
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Stochastic models

Markovian queueing networks
Stochastic Petri nets
Stochastic activity networks
Stochastic process algebras
Calculi for biological systems
Interactive Markov chains
Performance analysis



probabilistic puzzles
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Fair die
Take a fair die and toss it ten times

which sequence is more likely?

1 1 1 1 1 1 1 1 1 1

1 4 3 2 5 1 6 2 4 5

A - first sequence
B - second sequence
C - equally likely
D - don’t know
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I take two fair coins, 
toss one and then the other
(without showing the outcomes to you)

You can bet about the fact that 
the coins give equal results or different ones: 
your winning chances are greater if you bet on

A - equal results
B - different results
C - equally likely
D - don’t know

H H
T T
H T
T H

Fair coins
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A - equal results
B - different results
C - equally likely
D - don’t know

H H
H T
T H

what if I tell you one is head

I take two fair coins, 
toss one and then the other
(without showing the outcomes to you)

You can bet about the fact that 
the coins give equal results or different ones: 
your winning chances are greater if you bet on

Fair coins
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H H
H T

A - equal results
B - different results
C - equally likely
D - don’t know

what if I tell you the first is head

I take two fair coins, 
toss one and then the other
(without showing the outcomes to you)

You can bet about the fact that 
the coins give equal results or different ones: 
your winning chances are greater if you bet on

Fair coins
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my favourite puzzle: Monty Hall problem 
(highly controversial)

loosely based on an American TV game show called 
“Let’s make a deal” (1963)

named after its original host Monty Hall 
(serving for nearly 30 years)

Monty Hall problem
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the puzzle became famous in 1990 
after it was posted on a column of an 
American Sunday newspaper magazine (Parade)

first posed and solved in 1975

many readers were disappointed by the solution 
and did not believe it (10.000 or more)

people wrote to the magazine claiming the solution was wrong

Paul Erdos, a great mathematician, remained unconvinced 
until he was shown a computer simulation

Monty Hall problem
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the puzzle comes in many variants, 
here is the most popular one

you are guest of the show, playing the final game

a brand new carthree closed doors, behind them:
two goats

other versions: 
three boxes, two empty, one has the key of the car

Monty Hall problem
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you have to pick one door
the host opens one of the other doors 
where he knows there is a goat
you are given the possibility to keep you choice or change it
what is the best strategy to win the car? A - keep

B - change
C - equally likely
D - don’t know

Monty Hall problem



probabilistic systems
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sigma-field
elementary events (possible outcomes)

a set of events we are interested in
a family of subsets of elementary events

⌦

<latexit sha1_base64="3FJTMjhwOFJcuM/7rIOuWP3icrA=">AAACDnicbVBLSgNBFOyJvxh/UZduGoPgKsyIoO6CbtwZwXwgGcKbzkts0/Oh+40QQu6QrR7Enbj1Cp7DCzgzzsIk1qqoeo8qyouUNGTbX1ZhZXVtfaO4Wdra3tndK+8fNE0Ya4ENEapQtz0wqGSADZKksB1pBN9T2PJGN6nfekZtZBg80DhC14dhIAdSACVSs3vn4xB65YpdtTPwZeLkpMJy1Hvl724/FLGPAQkFxnQcOyJ3ApqkUDgtdWODEYgRDLGT0AB8NO4kazvlJ7EBCnmEmkvFMxH/fkzAN2bse8mlD/RoFr1U/M/rxDS4dCcyiGLCQKRBJBVmQUZomcyAvC81EkHaHLkMuAANRKglByESMU52mQtMYygMlZkmKzmLmyyT5lnVOa9e3Z9Xatf5XkV2xI7ZKXPYBauxW1ZnDSbYE5uxF/Zqzaw36936+D0tWPnPIZuD9fkDbkidWA==</latexit>

A ✓ }(⌦)

<latexit sha1_base64="Q5usuD082EUGAJ3QbiG8B516lbM=">AAACKnicbVC7TsNAEDyHVwivACXNiQgpNJGNIgFdgIYOkAggxVG0PpZw4vzgbg2KrLR8TVr4EDpEyx/wA9jGBUmYajSzq9kdL1LSkG1/WKWZ2bn5hfJiZWl5ZXWtur5xZcJYC2yLUIX6xgODSgbYJkkKbyKN4HsKr72Hk8y/fkJtZBhc0iDCrg/9QN5JAZRKvSp3faB7ASo5Grom9gwSPnL3Oaq7Zz72YbdXrdkNOwefJk5BaqzAea/67d6GIvYxIKHAmI5jR9RNQJMUCocVNzYYgXiAPnZSGoCPppvknwz5TmyAQh6h5lLxXMS/Gwn4xgx8L53M7jaTXib+53ViujvoJjKIYsJAZEEkFeZBRmiZVoT8Vmokguxy5DLgAjQQoZYchEjFOO1sLDCLoTBUZpi25Ex2Mk2u9hpOs3F40ay1jou+ymyLbbM6c9g+a7FTds7aTLAXNmKv7M0aWe/Wh/X5O1qyip1NNgbr6wfCQKh4</latexit>

such that

; 2 A

<latexit sha1_base64="mnQSs3O66GwT53cMg23fcsXDLQk=">AAACInicbVDLSgNBEJyN7/iKehG8DAbBU9iVgHqLevGoYDSQDaF30olDZmeXmV4hLPFrctUP8SaeBP/CH3A35mAS61RUdVPdFcRKWnLdT6ewsLi0vLK6Vlzf2NzaLu3s3tsoMQLrIlKRaQRgUUmNdZKksBEbhDBQ+BD0r3L/4QmNlZG+o0GMrRB6WnalAMqkdmnfxzCmgUXivtR+CPQoQKUXw3ap7FbcMfg88SakzCa4aZe+/U4kkhA1CQXWNj03plYKhqRQOCz6icUYRB962MyohhBtKx1/MORHiQWKeIyGS8XHIv7dSCG0dhAG2WR+op31cvE/r5lQ96yVSh0nhFrkQSQVjoOsMDKrBnlHGiSC/HLkUnMBBojQSA5CZGKSdTUVmMdQFCmbt+TNdjJP7k8qXrVyflst1y4nfa2yA3bIjpnHTlmNXbMbVmeCPbMRe2Gvzsh5c96dj9/RgjPZ2WNTcL5+AP5ppZE=</latexit>

the impossible event is present

A 2 A ) (⌦ \A) 2 A

<latexit sha1_base64="Lu1HS4Sb54MYSn4cMGuWm93RL3A="></latexit>

closed under complementation

{An}n2N ✓ A )
[

n2N
An 2 A

<latexit sha1_base64="1crD9UeWuOQVfe9CYOFWClqVd3Y=">AAACbHicbVBNT9wwEPWmtKX0a/txQ0hWV616WiUVUtsblAuniiIWkNaraGyGxcKxU3sMQlH+X/8Cf4JLD/TYJOQALHN6em/evNGTpdGB0vRykDxaevzk6fKzlecvXr56PXzzdj+46BVOlDPOH0oIaLTFCWkyeFh6hEIaPJCnW61+cIY+aGf36KLEWQFzq4+1AmqofChFtZlbUeeVFdqKAuhEyupnXYsQZUDC3x2nwFSbNRe7en 5C4L0750LquYrlgrE91xM3rnw4SsdpN3wRZD0YsX528uFfceRULNCSMhDCNEtLmlXgSSuD9YqIAUtQpzDHaQMtFBhmVddFzT/GAOR4iZ5rwzsSbzsqKEK4KGSz2b4Y7mst+ZA2jXT8bVZpW0ZCq9og0ga7oKC8bkpGfqQ9EkH7OXJtuQIPROg1B6UaMjat3wlsY8g5E9qWsvudLIL9L+Nsffz91/po40ff1zJbZR/YZ5axr2yDbbMdNmGK/WFX7Jr9G1wl75PVZO1mNRn0nnfsziSf/gNdAsIw</latexit>

closed under countable union
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sigma-field: properties
; 2 A

<latexit sha1_base64="mnQSs3O66GwT53cMg23fcsXDLQk=">AAACInicbVDLSgNBEJyN7/iKehG8DAbBU9iVgHqLevGoYDSQDaF30olDZmeXmV4hLPFrctUP8SaeBP/CH3A35mAS61RUdVPdFcRKWnLdT6ewsLi0vLK6Vlzf2NzaLu3s3tsoMQLrIlKRaQRgUUmNdZKksBEbhDBQ+BD0r3L/4QmNlZG+o0GMrRB6WnalAMqkdmnfxzCmgUXivtR+CPQoQKUXw3ap7FbcMfg88SakzCa4aZe+/U4kkhA1CQXWNj03plYKhqRQOCz6icUYRB962MyohhBtKx1/MORHiQWKeIyGS8XHIv7dSCG0dhAG2WR+op31cvE/r5lQ96yVSh0nhFrkQSQVjoOsMDKrBnlHGiSC/HLkUnMBBojQSA5CZGKSdTUVmMdQFCmbt+TNdjJP7k8qXrVyflst1y4nfa2yA3bIjpnHTlmNXbMbVmeCPbMRe2Gvzsh5c96dj9/RgjPZ2WNTcL5+AP5ppZE=</latexit>

1. the impossible event is present

A 2 A ) (⌦ \A) 2 A

<latexit sha1_base64="Lu1HS4Sb54MYSn4cMGuWm93RL3A=">AAACR3icbVA9TxtBEN1zCBiSECeUNCssJNJYdxFSkgIJh4YuBGFA8lnW3DKYkffjtDuXyDr51+TX0IaKX0ERKUqZO+MCA696evNGb+ZluabAcXwbNV4svVxeaa6uvXr9Zv1t69370+AKr7CnnHb+PIOAmiz2mFjjee4RTKbxLBsf1POzH+gDOXvCkxwHBkaWLkkBV9KwtddNyaYG+EqBLrtTmR7T6IrBe/dT7qTfDI4gDciGbB Fk98Oie9hqx514BvmUJHPSFnMcDVt/0gunCoOWlYYQ+kmc86AEz6Q0TtfSImAOagwj7FfUgsEwKGdvTuV2EYCdzNFL0nIm4sONEkwIE5NVzvrE8HhWi8/N+gVffh6UZPOC0ao6iEnjLCgoT1V/KC/IIzPUl6MkKxV4YEZPEpSqxKIqdCGwjmHndKhbSh538pScfuwku50v33fb+1/nfTXFptgSOyIRn8S+OBRHoieU+CWuxW9xE11Hd9Hf6N+9tRHNdzbEAhrRf9j4s4A=</latexit>

2. closed under complementation

{An}n2N ✓ A )
[

n2N
An 2 A

<latexit sha1_base64="1crD9UeWuOQVfe9CYOFWClqVd3Y=">AAACbHicbVBNT9wwEPWmtKX0a/txQ0hWV616WiUVUtsblAuniiIWkNaraGyGxcKxU3sMQlH+X/8Cf4JLD/TYJOQALHN6em/evNGTpdGB0vRykDxaevzk6fKzlecvXr56PXzzdj+46BVOlDPOH0oIaLTFCWkyeFh6hEIaPJCnW61+cIY+aGf36KLEWQFzq4+1AmqofChFtZlbUeeVFdqKAuhEyupnXYsQZUDC3x2nwFSbNRe7en 5C4L0750LquYrlgrE91xM3rnw4SsdpN3wRZD0YsX528uFfceRULNCSMhDCNEtLmlXgSSuD9YqIAUtQpzDHaQMtFBhmVddFzT/GAOR4iZ5rwzsSbzsqKEK4KGSz2b4Y7mst+ZA2jXT8bVZpW0ZCq9og0ga7oKC8bkpGfqQ9EkH7OXJtuQIPROg1B6UaMjat3wlsY8g5E9qWsvudLIL9L+Nsffz91/po40ff1zJbZR/YZ5axr2yDbbMdNmGK/WFX7Jr9G1wl75PVZO1mNRn0nnfsziSf/gNdAsIw</latexit>

3. closed under countable union

⌦ 2 A

<latexit sha1_base64="CqA1MAfgTGyZcUXsn9sK6lQNDxA=">AAACIHicbVDLSgNBEJyNrxhfUcGLl8EgeAq7ElBvUS/ejGAekA2hd9KJQ2YfzPQKYc3P5Kof4k086m/4A+7GHEy0TkVVN1WUFylpyLY/rNzS8srqWn69sLG5tb1T3N1rmDDWAusiVKFueWBQyQDrJElhK9IIvqew6Q2vM7/5iNrIMLinUYQdHwaB7EsBlErd4oF76+MAuCsD7vpADwJUcjnuFkt22Z6C/yXOjJTYDLVu8cvthSL2MSChwJi2Y0fUSUCTFArHBTc2GIEYwgDbKQ3AR9NJpv3H/Dg2QCGPUHOp+FTE3x8J+MaMfC+9zCqaRS8T//PaMfXPO4kMopgwEFkQSYXTICO0TIdB3pMaiSBrjjxdQYAGItSSgxCpGKdLzQVmMRSGymQrOYub/CWN07JTKV/cVUrVq9leeXbIjtgJc9gZq7IbVmN1JtgTm7Bn9mJNrFfrzXr/Oc1Zs599Ngfr8xs3NqQL</latexit>

by 1 and 2

{An}n2N ✓ A )
\

n2N
An 2 A

<latexit sha1_base64="KTqb232RDlYdZlSMi4hj37d8G7s="></latexit>

by 2 and 3
\

n2N
An = ⌦ \

[

n2N
(⌦ \An)

<latexit sha1_base64="uuKksn3kFzIeWePVujoOPeWkXcY="></latexit>
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in simpler terms

if A and B are events

<latexit sha1_base64="LuUthyP9e4SsOOb0Igd7P4CLRQk=">AAACKXicbVC7TsNAEDzzDO8AJQUnEiSqyI6QgA5CQxkkEiIlUbS+bOCU89m6WyNFVkq+hhY+hA5o+QR+ANukIIRpbjS7o9kbP1LSkuu+O3PzC4tLy4WV1bX1jc2t4vZO04axEdgQoQpNyweLSmpskCSFrcggBL7CW394mc1vH9BYGeobGkXYDeBOy4EUQKnUK+4nHTvgcsDLF2UOus/LtfQ1yPEBNdlxr1hyK24OPku8CSmxCeq94lenH4o4SN1CgbVtz42om4AhKRSOVzuxxQjEEO6wnVINAdpukn9kzA9jCxTyCA2Xiuci/nYkEFg7Cvx0MwC6t39nmfjfrB3T4LSbSB3FhFpkQSQV5kFWGJk2hLwvDRJBdjlyqbkAA0RoJAchUjFOK5sKzGIoDFXekve3k1nSrFa848rZdbV0Xpv0VWB77IAdMY+dsHN2xeqswQR7ZE/smb04T86r8+Z8/KzOORPPLpuC8/kNeKGmCw==</latexit>

A [B is an event

<latexit sha1_base64="y9ZCnSl+isRUgOxszqeZyja0OIQ=">AAACJXicbVC9TgJBGNzD//9TS5uNaGJF7oiJ2iE2lpqIkAAh3y0fuGFv77L7HQm5UPg0tPogdsbEyofwBbxDChWnmsx8k9mdIFbSkue9O4WFxaXlldW19Y3Nre0dd3fv3kaJEVgTkYpMIwCLSmqskSSFjdgghIHCejC4yv36EI2Vkb6jUYztEPpa9qQAyqSOe5C2bI8fXbZEEvPqEZeWg+Y4RE3jjlv0St4UfJ74M1JkM9x03M9WNxJJmIWFAmubvhdTOwVDUigcr7cSizGIAfSxmVENIdp2Ov3EmB8nFijiMRouFZ+K+DORQmjtKAyyyxDowf71cvE/r5lQ77ydSh0nhFrkRSQVTousMDJbB3lXGiSC/OXIpeYCDBChkRyEyMQkm+tXYV5DUaRsvpL/d5N5cl8u+aeli9tysVKd7bXKDtghO2E+O2MVds1uWI0J9sgm7Ik9OxPnxXl13r5PC84ss89+wfn4AoMypR0=</latexit>

A \B is an event

<latexit sha1_base64="Iz+gMJ1bLDaI9zkSAAHtQ6oQ3Bk=">AAACJXicbVC9TgJBGNzD//9TS5uNaGJF7oiJ2iE2lpqIkAAh3y0fuGFv77L7HQm5UPg0tPogdsbEyofwBbxDChWnmsx8k9mdIFbSkue9O4WFxaXlldW19Y3Nre0dd3fv3kaJEVgTkYpMIwCLSmqskSSFjdgghIHCejC4yv36EI2Vkb6jUYztEPpa9qQAyqSOe5C2bI8fXbYExLx6xKXloDkOUdO44xa9kjcFnyf+jBTZDDcd97PVjUQSZmGhwNqm78XUTsGQFArH663EYgxiAH1sZlRDiLadTj8x5seJBYp4jIZLxaci/kykEFo7CoPsMgR6sH+9XPzPaybUO2+nUscJoRZ5EUmF0yIrjMzWQd6VBokgfzlyqbkAA0RoJAchMjHJ5vpVmNdQFCmbr+T/3WSe3JdL/mnp4rZcrFRne62yA3bITpjPzliFXbMbVmOCPbIJe2LPzsR5cV6dt+/TgjPL7LNfcD6+AGD6pQk=</latexit>

A is an event

<latexit sha1_base64="1E3Al93XoI4P7NJoyP7CDNMG6z8=">AAACKnicbVDLTgJBEJzFN75Qj14mgoknsktM1BvqxSMmgiRASO/Q6MTZmc1MLwnZcPVruOqHeDNe/QN/wF3k4KtPlarqqekKYyUd+f6rV1hYXFpeWV0rrm9sbm2XdnZbziRWYFMYZWw7BIdKamySJIXt2CJEocLb8OEy129HaJ00+obGMfYiuNNyKAVQRvVLPO26Ia90TWbK30jPJxUuHQfNcYSaJv1S2a/6s+F/QTAHZTafRr/00R0YkUTZslDgXCfwY+qlYEkKhZNiN3EYg3iAO+xkUEOErpfOLpnww8QBGR6j5VLxGYnfN1KInBtHYeaMgO7dby0n/9M6CQ1Pe6nUcUKoRR5EUuEsyAkrs+uRD6RFIsh/jlxqLsACEVrJQYiMTLLOfgTmMWSMcnlLwe9O/oJWrRocV8+ua+X6xbyvVbbPDtgRC9gJq7Mr1mBNJtgjm7In9uxNvRfv1Xv7sha8+c4e+zHe+yfwr6gB</latexit>

(one of the two events happens)

(two events happen together)

(one event is not going to happen)

examples:

⌦ = {HH,HT,TH,TT}

<latexit sha1_base64="/Bkv7sSmXp79cHVXFsEGepFihlE=">AAACMXicbVDJSgNBEO1xN25Rj14ag+BBwowI6kEQveRmhMkCmRBqOpXY2LPQXSPIMF/jJ/gVXvXkQRCv/oSTMUpc3unVe1VU1fNjJQ3Z9rM1NT0zOze/sFhaWl5ZXSuvbzRNlGiBDRGpSLd9MKhkiA2SpLAda4TAV9jyr89HfusGtZFR6NJtjN0AhqEcSAGUS73yiXcR4BD4CfdSLwC6MoO0Vsv2vrmb7fGvwp0wXDfzsl65YlftAvwvccakwsao98ovXj8SSYAhCQXGdBw7pm4KmqRQmJW8xGAM4hqG2MlpCAGablq8mfGdxABFPEbNpeKFiJMTKQTG3AZ+3lkc+dsbif95nYQGR91UhnFCGIrRIpIKi0VGaJnnh7wvNRLB6HLkMuQCNBChlhyEyMUkD7SU5+H8/v4vae5XnYPq8eVB5fRsnMwC22LbbJc57JCdshqrswYT7I49sEf2ZN1bz9ar9fbZOmWNZzbZD1jvH0xAqoA=</latexit>

A = { ; , {HH,TT} , {HT,TH} , ⌦ }

<latexit sha1_base64="cyhyllaK+yvPJXo1qmgDdU57UMk="></latexit>

A = }(⌦)

<latexit sha1_base64="8ubjzZ4Md/dZl4K6RsMLVcPHlEI=">AAACI3icbVDLSgNBEJz1bXxFPYmXwSDES9iVgHoQfFy8qWASIRtC76SNQ2YfzPQqYQl+jVf9EG/ixYNf4Q+4u+5Bo3Uqqrqp7vIiJQ3Z9rs1MTk1PTM7N19aWFxaXimvrjVNGGuBDRGqUF97YFDJABskSeF1pBF8T2HLG5xmfusOtZFhcEXDCDs+9AN5IwVQKnXLG64PdCtAJccjfsjd+6jqnvvYh51uuWLX7Bz8L3EKUmEFLrrlT7cXitjHgIQCY9qOHVEnAU1SKByV3NhgBGIAfWynNAAfTSfJXxjx7dgAhTxCzaXiuYg/NxLwjRn6XjqZHWzGvUz8z2vHdLPfSWQQxYSByIJIKsyDjNAy7QZ5T2okguxy5DLgAjQQoZYchEjFOC3rV2AWQ2GozChtyRnv5C9p7taceu3gsl45Oin6mmObbItVmcP22BE7YxeswQR7YI/siT1bj9aL9Wq9fY9OWMXOOvsF6+MLxoikxw==</latexit>

sigma-field: properties
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Probability space

probability space:

if {An}n2N are pairwise disjoint

<latexit sha1_base64="U50IFifP2YvjnFRQJZ/wO0R3NIw="></latexit>

P : A ! [0, 1]

<latexit sha1_base64="kqu0LSk/z4dv8GjpJQ1JA7eZ14w=">AAACH3icbVDLSsNAFJ34rPVVFVduBovgQkoiBR+rqhuXFWwV2lBuxqsOTjJh5kYooR/TrX6IO3Hb7/AHTGIWWj2rwzn3cg4niJW05LoTZ2Z2bn5hsbJUXV5ZXVuvbWx2rU6MwI7QSpvbACwqGWGHJCm8jQ1CGCi8CZ4ucv/mGY2VOrqmYYx+CA+RvJcCKJMGte32aT8EehSg0rNRn3TPPfD8Qa3uNtwC/C/xSlJnJdqD2mf/ToskxIiEAmt7nhuTn4IhKRSOqv3EYgziCR6wl9EIQrR+WtQf8b3EAmkeo+FS8ULEnx8phNYOwyC7zKvaaS8X//N6Cd0f+6mM4oQwEnkQSYVFkBVGZrsgv5MGiSBvjlxGXIABIjSSgxCZmGRD/QrMY0hrZUfZSt70Jn9J97DhNRsnV81667zcq8J22C7bZx47Yi12ydqswwRL2Zi9sFdn7Lw5787H9+mMU/5ssV9wJl/1l6NX</latexit>

P (;) = 0

<latexit sha1_base64="tqHyJwe2LCiSdEn75TFc1HcDads=">AAACGnicbVDNTsJAGNziH+Jf1aOXjcQEL6Q1JOrBhOjFIyYiJNCQ7fKBG7btZvcrCSG8CVd9EG/GqxefwxewrT0IOKfJzPdlJuMrKQw6zpdVWFvf2Nwqbpd2dvf2D+zDoycTxZpDk0cy0m2fGZAihCYKlNBWGljgS2j5o7vUb41BGxGFjzhR4AVsGIqB4AwTqWfbjUoXAoUTA3hOb6jTs8tO1clAV4mbkzLJ0ejZ391+xOMAQuSSGdNxHYXelGkUXMKs1I0NKMZHbAidhIYsAONNs+YzehYbhhFVoKmQNBPh78eUBcZMAj+5DBg+m2UvFf/zOjEOrrypCFWMEPI0CIWELMhwLZJJgPaFBkSWNgcqQsqZZoigBWWcJ2KcbLQQmMZgFEkzS1ZylzdZJU8XVbdWvX6oleu3+V5FckJOSYW45JLUyT1pkCbhZEzm5IW8WnPrzXq3Pn5PC1b+c0wWYH3+ADzsoM0=</latexit>

P

 
[

n2N
An

!
=
X

n2N
P (An)

<latexit sha1_base64="oyugdjeYSUAOdQW71jfR3O5p850="></latexit>

P (⌦) = 1

<latexit sha1_base64="EGD43D0Bc2W1B7Ko8d8pVhTyQss=">AAACFXicbVDLTgJBEJzFF+IL9ehlIjHBC9k1JOrBhOjFm5jII4EN6R0anDD7cKbXhBC+g6t+iDfj1bPf4Q+4ixwErFOlqjtVKS9S0pBtf1mZldW19Y3sZm5re2d3L79/UDdhrAXWRKhC3fTAoJIB1kiSwmakEXxPYcMb3KR+4xm1kWHwQMMIXR/6gexJAZRIbrXYvvOxD6f8ijudfMEu2VPwZeLMSIHNUO3kv9vdUMQ+BiQUGNNy7IjcEWiSQuE4144NRiAG0MdWQgPw0bijaekxP4kNUMgj1FwqPhXx78cIfGOGvpdc+kCPZtFLxf+8Vky9C3ckgygmDEQaRFLhNMgILZM1kHelRiJImyOXAReggQi15CBEIsbJPHOBaQyFoTLjZCVncZNlUj8rOeXS5X25ULme7ZVlR+yYFZnDzlmF3bIqqzHBntiEvbBXa2K9We/Wx+9pxpr9HLI5WJ8/q2Ke7Q==</latexit>

(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

a �-field with a probability measure

<latexit sha1_base64="4fv5qEEfXOrKMeYfUM82niD+GQ4=">AAACJXicbVDLSgNBEJz1bXxFPXoZjIIXw24Q1JvoxWMEE4UkhN5JJzbO7C4zvUpY8h1+gl/hVU/eRPAg/oqbmIOvOhVV3XRXhYkmx77/5k1MTk3PzM7NFxYWl5ZXiqtrdRenVmFNxTq2lyE41BRhjYk1XiYWwYQaL8Lrk6F/cYPWURydcz/BloFeRF1SwLnULgZZ03UlyK2mo56Brd0uoe7IW+KrXE1sHEJImrgvDYJLLQ7axZJf9keQf0kwJiUxRrVdfG92YpUajFhpcK4R+Am3MrBMSuOg0EwdJqCuoYeNnEZg0LWyUbSB3E4dcCwTtJK0HIn4fSMD41zfhPmkAb5yv72h+J/XSLl70MooSlLGSA0PMWkcHXLKUt4Zyg5ZZIbh5ygpkgosMKMlCUrlYpqXWMj7CH6n/0vqlXKwVz48q5SOjsfNzIkNsSl2RCD2xZE4FVVRE0rciQfxKJ68e+/Ze/Fev0YnvPHOuvgB7+MTv8SlCA==</latexit>
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Prob space: properties

conditional probability:

P (⌦ \A) = 1� P (A)

<latexit sha1_base64="kN6FaScKttbf0wryN2HmZpQJQ3E=">AAACKXicbVDLSgNBEJyN7/iKevTgYBDiwbArAfUg+Lh4M4JRIQmhd+zEITOzy0yvEEKOfo1X/RBv6tVP8AfcjTlotE5FVTfVXWGspCPff/NyE5NT0zOzc/n5hcWl5cLK6pWLEiuwJiIV2ZsQHCppsEaSFN7EFkGHCq/D7mnmX9+jdTIyl9SLsamhY2RbCqBUahU2qqXGucYONBySliZx/HibH/KA7/Bq6Xi7VSj6ZX8I/pcEI1JkI1Rbhc/GbSQSjYaEAufqgR9Tsw+WpFA4yDcShzGILnSwnlIDGl2zP3xkwLcSBxTxGC2Xig9F/LnRB+1cT4fppAa6c+NeJv7n1RNq7zf70sQJoRFZEEmFwyAnrEwbQn4rLRJBdjlyabgAC0RoJQchUjFJK/sVmMVQFCk3SFsKxjv5S652y0GlfHBRKR6djPqaZetsk5VYwPbYETtjVVZjgj2wR/bEnr1H78V79d6/R3PeaGeN/YL38QVdEaVW</latexit>

P (A1 [A2) = P (A1) + P (A2)� P (A1 \A2)

<latexit sha1_base64="oQAxqda/40A6zsFiCBHtQCdWFZs=">AAACO3icbVDLSsNAFJ34tr6qLt0MFkERSyIFdSH42LisYLXQhnAzverg5MHMjVBCv8Ovcavf4NqduBP3JmkWtnpWh3PO5cwcP1bSkG2/WROTU9Mzs3PzlYXFpeWV6uratYkSLbAlIhXptg8GlQyxRZIUtmONEPgKb/yH89y/eURtZBReUT9GN4C7UN5KAZRJXtVpbp96TlckMT/19nf4MS+EHb5bkEzZ42UEhhGvWrPrdgH+lzglqbESTa/61e1FIgkwJKHAmI5jx+SmoEkKhYNKNzEYg3iAO+xkNIQAjZsWXxvwrcQARTxGzaXihYi/L1IIjOkHfpYMgO7NuJeL/3mdhG4P3VSGcUIYiryIpMKiyAgts82Q96RGIshfjlyGXIAGItSSgxCZmGQjjhTmNRRFygyylZzxTf6S6/2606gfXTZqJ2flXnNsg22ybeawA3bCLliTtZhgT+yZvbBX69l6tz6sz2F0wipv1tkIrO8frM6pKA==</latexit>

P (A1 \A2) = P (A1) + P (A2)� P (A1 [A2)

<latexit sha1_base64="cESl9sBYpopI9DQPb2DGP3zUGUQ=">AAACO3icbVDLSsNAFJ34tr6qLt0MFkERSyIFdSH42LisYLXQhnAzverg5MHMjVBCv8Ovcavf4NqduBP3JmkWtnpWh3PO5cwcP1bSkG2/WROTU9Mzs3PzlYXFpeWV6uratYkSLbAlIhXptg8GlQyxRZIUtmONEPgKb/yH89y/eURtZBReUT9GN4C7UN5KAZRJXtVpbp96TldAzE+9/R1+zAthh+8WJFP2eBlJhhGvWrPrdgH+lzglqbESTa/61e1FIgkwJKHAmI5jx+SmoEkKhYNKNzEYg3iAO+xkNIQAjZsWXxvwrcQARTxGzaXihYi/L1IIjOkHfpYMgO7NuJeL/3mdhG4P3VSGcUIYiryIpMKiyAgts82Q96RGIshfjlyGXIAGItSSgxCZmGQjjhTmNRRFygyylZzxTf6S6/2606gfXTZqJ2flXnNsg22ybeawA3bCLliTtZhgT+yZvbBX69l6tz6sz2F0wipv1tkIrO8fqhKpKA==</latexit>

P (A|B) =
P (A \B)

P (B)

<latexit sha1_base64="MoGxrRAcw0zIQR1DUCqfHUeqQv4=">AAACKnicbVC7TgJBFJ3FF+ILtbSZSEygIbuGRC1MFBtLTERNgJC7wwUnzD4yc9eErLR+ja1+iB2x9Q/8AWeRQsVTTM6cc2/OzPFjJQ257sTJLSwuLa/kVwtr6xubW8XtnRsTJVpgU0Qq0nc+GFQyxCZJUngXa4TAV3jrDy8y//YBtZFReE2jGDsBDELZlwLISt0ib5TPH+sVfsrbfQ0itde2gJjXK2PL7dktltyqOwWfJ96MlNgMjW7xs92LRBJgSEKBMS3PjamTgiYpFI4L7cRgDGIIA2xZGkKAppNOfzLmB4kBiniMmkvFpyL+3EghMGYU+HYyALo3f71M/M9rJdQ/7qQyjBPCUGRBJBVOg4zQ0laEvCc1EkH2cuQy5AI0EKGWHISwYmI7+xWYxVAUKZO15P3tZJ7cHFa9WvXkqlY6q8/6yrM9ts/KzGNH7IxdsgZrMsGe2DN7Ya/Os/PmTJz379GcM9vZZb/gfHwBhr6mBA==</latexit>

P (B|A) =
P (A|B) · P (B)

P (A)

<latexit sha1_base64="0jdFaIPexbSMzItCruYW74M60nA="></latexit>

P (A \B) = P (A|B) · P (B) = P (B|A) · P (A)

<latexit sha1_base64="5AKl0bJd1hx4FaakSHrdOfK4h1g=">AAACOnicbVDLSgNBEJz1/Tbq0ctgEJJL2BVBPQgmXjxGMCokIfROOnFwdmeZ6RUk5jf8Gq/6D169iUf9AGfjIkatU01VN9VTYaKkJd9/9iYmp6ZnZufmFxaXlldWC2vr51anRmBDaKXNZQgWlYyxQZIUXiYGIQoVXoTXx5l/cYPGSh2f0W2C7Qj6sexJAeSkTsGvl6otAQmvlfkhd4+7Wrklupocz6XaXfVbqpY7haJf8Ufgf0mQkyLLUe8U3ltdLdIIYxIKrG0GfkLtARiSQuFwoZVaTEBcQx+bjsYQoW0PRj8b8u3UAmmeoOFS8ZGIPzcGEFl7G4VuMgK6sr+9TPzPa6bU228PZJykhLHIgkgqHAVZYaSrDHlXGiSC7HLkMuYCDBChkRyEcGLqOhwLzGJIa2WHrqXgdyd/yflOJditHJzuFo9qeV9zbJNtsRIL2B47YieszhpMsHv2wB7Zk/fgvXiv3tvX6ISX72ywMXgfnxGWqgc=</latexit>
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Example
⌦ = {HH,HT,TH,TT}

<latexit sha1_base64="NZEFsws9x5X1P+yypud1apMucuE=">AAACSXicbVDLSsNQEL1pfdR31aWbi0VwISURQV2IopvuVEhtoSllcp3WizcP7p0IEvI5fo1bXfgZ4kZcmcQi9TGrM+fMcGaOHytpyLZfrEp1anpmtjY3v7C4tLxSX127MlGiBbZFpCLd9cGgkiG2SZLCbqwRAl9hx789K/TOHWojo9Cl+xj7AYxCOZQCKKcG9WPvPMAR8CPupV4AdGOGaauV7fDvxp1o3EnFdTMvG9QbdtMui/8Fzhg02LguBvU37zoSSYAhCQXG9Bw7pn4KmqRQmM17icEYxC2MsJfDEAI0/bR8NONbiQGKeIyaS8VLEic3UgiMuQ/8fLI88rdWkP9pvYSGB/1UhnFCGIrCiKTC0sgILfMEkV9LjURQXI5chlyABiLUkoMQOZnkkf4wLGwoipQpUnJ+Z/IXXO02nb3m4eVe4+R0nFeNbbBNts0cts9OWItdsDYT7IE9sif2bD1ar9a79fE1WrHGO+vsR1Wqn0Pis6E=</latexit>

two fair coins tosses

A = }(⌦)

<latexit sha1_base64="8ubjzZ4Md/dZl4K6RsMLVcPHlEI=">AAACI3icbVDLSgNBEJz1bXxFPYmXwSDES9iVgHoQfFy8qWASIRtC76SNQ2YfzPQqYQl+jVf9EG/ixYNf4Q+4u+5Bo3Uqqrqp7vIiJQ3Z9rs1MTk1PTM7N19aWFxaXimvrjVNGGuBDRGqUF97YFDJABskSeF1pBF8T2HLG5xmfusOtZFhcEXDCDs+9AN5IwVQKnXLG64PdCtAJccjfsjd+6jqnvvYh51uuWLX7Bz8L3EKUmEFLrrlT7cXitjHgIQCY9qOHVEnAU1SKByV3NhgBGIAfWynNAAfTSfJXxjx7dgAhTxCzaXiuYg/NxLwjRn6XjqZHWzGvUz8z2vHdLPfSWQQxYSByIJIKsyDjNAy7QZ5T2okguxy5DLgAjQQoZYchEjFOC3rV2AWQ2GozChtyRnv5C9p7taceu3gsl45Oin6mmObbItVmcP22BE7YxeswQR7YI/siT1bj9aL9Wq9fY9OWMXOOvsF6+MLxoikxw==</latexit>

A = {HH} two heads

<latexit sha1_base64="/S8+kQ8WjQTGLer+bwBNyvlDBo4=">AAACLXicbVDLSsNAFJ34rO+qSzeDVXBVkiKoC8HHpssKtgpNkZvprQ6dZMLMjSIhH+DXdKsf4kIQt36AP2ASu/B1Vodzz+Xce4JYSUuu++JMTE5Nz8xW5uYXFpeWV6qrax2rEyOwLbTS5jIAi0pG2CZJCi9jgxAGCi+C4Wkxv7hFY6WOzuk+xl4I15EcSAGUS1fVWurbAd86PvRTPwS6sYO02cz8bIvTneY3CH2b5S637pbgf4k3JjU2Ruuq+uH3tUhCjEgosLbruTH1UjAkhcJs3k8sxiCGcI3dnEYQou2l5TMZ304skOYxGi4VL0X8vpFCaO19GOTO8uDfs0L8b9ZNaLDfS2UUJ4SRKIJIKiyDrDAybwl5XxokguJy5DLiAgwQoZEchMjFJK/tR2ARQ1qrsiXvdyd/SadR93brB2eN2tHJuK8K22CbbId5bI8dsSZrsTYT7IGN2CN7ckbOs/PqvH1ZJ5zxzjr7Aef9EzzwqS0=</latexit>

B = {HH,HT} first is head

<latexit sha1_base64="jmN2kW4OUQasFPBgCyi7WQI4kzA="></latexit>

P (A) =
1

4

<latexit sha1_base64="lFSqkEDvlvV2CT+Ehk4IAYEhDH4=">AAACHHicbVDLTgJBEJz1ifhCPHqZSEzwQnYNiXowQb14xEQeCRDSOzQ4YfaRmV4j2fArXPVDvBmvJn6HP+AuchCwTpWq7lSl3FBJQ7b9Za2srq1vbGa2sts7u3v7uYN83QSRFlgTgQp00wWDSvpYI0kKm6FG8FyFDXd4m/qNJ9RGBv4DjULseDDwZV8KoETq5vLV4vUpv+LtvgYRO+O4PO7mCnbJnoIvE2dGCmyGajf33e4FIvLQJ6HAmJZjh9SJQZMUCsfZdmQwBDGEAbYS6oOHphNPu4/5SWSAAh6i5lLxqYh/P2LwjBl5bnLpAT2aRS8V//NaEfUvOrH0w4jQF2kQSYXTICO0TEZB3pMaiSBtjlz6XIAGItSSgxCJGCUrzQWmMRQEyqQrOYubLJP6Wckply7vy4XKzWyvDDtix6zIHHbOKuyOVVmNCfbMJuyFvVoT6816tz5+T1es2c8hm4P1+QNkKKFo</latexit>

P (B) =
1

2

<latexit sha1_base64="CQosR87uHgCViYpRu2+RES9HED8=">AAACHHicbVDJSgNBFOyJW9zHePTSGIR4CTMhoB4EiRePEcwCSQhvOi/a2LPQ/UYMQ37Fq36IN/Eq+B3+gDPjHNzqVFS9RxXlRUoacpx3q7SwuLS8Ul5dW9/Y3Nq2dypdE8ZaYEeEKtR9DwwqGWCHJCnsRxrB9xT2vNvzzO/doTYyDK5oFuHIh+tATqUASqWxXWnXWof8lA+nGkTizpPGfGxXnbqTg/8lbkGqrEB7bH8MJ6GIfQxIKDBm4DoRjRLQJIXC+dowNhiBuIVrHKQ0AB/NKMm7z/lBbIBCHqHmUvFcxO8fCfjGzHwvvfSBbsxvLxP/8wYxTY9HiQyimDAQWRBJhXmQEVqmoyCfSI1EkDVHLgMuQAMRaslBiFSM05V+BGYxFIbKZCu5vzf5S7qNutusn1w2q2etYq8y22P7rMZcdsTO2AVrsw4T7J49sEf2ZD1Yz9aL9fp1WrKKn132A9bbJ2KQoWc=</latexit>

P (A \B) = P (A) =
1

4

<latexit sha1_base64="yv0qD8LI/WAOY0SQnGU1dys61jo=">AAACKXicbVC7SgNBFJ2NrxhfUUsLB4OgTdiVgFoIMTaWEcwDkhDuTm7i4OyDmbtCWFL6NWn1Q+zU1k/wB9xdUxj1NHPmnHs5M8cNlTRk229WbmFxaXklv1pYW9/Y3Cpu7zRNEGmBDRGoQLddMKikjw2SpLAdagTPVdhy769Sv/WA2sjAv6VxiD0PRr4cSgGUSP3ifv3osisg5LVjfsGTS3p0hxpE7EziyqRfLNllOwP/S5wZKbEZ6v3iZ3cQiMhDn4QCYzqOHVIvBk1SKJwUupHBEMQ9jLCTUB88NL04+8iEH0YGKOAhai4Vz0T8uRGDZ8zYc5NJD+jO/PZS8T+vE9HwrBdLP4wIfZEGkVSYBRmhZdIQ8oHUSATpy5FLnwvQQIRachAiEaOksrnANIaCQJm0Jed3J39J86TsVMrnN5VStTbrK8/22AE7Yg47ZVV2zeqswQR7ZFP2xJ6tqfVivVrv36M5a7azy+ZgfXwBD+6lOw==</latexit>

P (A|B) =
P (A \B)

P (B)
=

1/4

1/2
=

1

2

<latexit sha1_base64="r9j60ENEnSpGkjRq/2iKNnXclvA="></latexit>



2424

Example

C = {HH,HT,TH} there is one head

<latexit sha1_base64="rW55irUY16LazFXEgKrlbLrhKY4="></latexit>

P (A \ C) = P (A) =
1

4

<latexit sha1_base64="N3WOUcm2k7/JCKZ6Y7gmBADfOkY=">AAACKXicbVC7SgNBFJ31Gd9RSwsHgxCbsCsBtRCiaSwjGCMkIdyd3OiQ2Qczd4WwbOnXpNUPsVNbP8EfcDduoYmnmTPn3MuZOW6opCHbfrfm5hcWl5YLK6tr6xubW8XtnVsTRFpgUwQq0HcuGFTSxyZJUngXagTPVdhyh/XMbz2iNjLwb2gUYteDe18OpABKpV5xv1G+6AgIef2In/P0kh2dgQYRO0lcTXrFkl2xJ+CzxMlJieVo9IpfnX4gIg99EgqMaTt2SN0YNEmhMFntRAZDEEO4x3ZKffDQdOPJRxJ+GBmggIeouVR8IuLvjRg8Y0aem056QA9m2svE/7x2RIPTbiz9MCL0RRZEUuEkyAgt04aQ96VGIshejlz6XIAGItSSgxCpGKWV/QnMYigIlMlacqY7mSW3xxWnWjm7rpZql3lfBbbHDliZOeyE1dgVa7AmE+yJjdkze7HG1qv1Zn38jM5Z+c4u+wPr8xsRqaU8</latexit>

P (C) =
3

4

<latexit sha1_base64="azSxIKfL3clfYuJeDeyTXLpltPI=">AAACHHicbVDLSgNBEJz1Gd9Rj14GgxAvYVcD6kEIevEYwTwgWULvpBMHZx/M9Iph2V/JVT/Em3gV/A5/wN2Yg4nWqajqporyIiUN2fantbC4tLyyWlhb39jc2t4p7u41TRhrgQ0RqlC3PTCoZIANkqSwHWkE31PY8h6uc7/1iNrIMLijUYSuD8NADqQAyqReca9evj7ml7w70CCS0zSppr1iya7YE/C/xJmSEpui3it+dfuhiH0MSCgwpuPYEbkJaJJCYbrejQ1GIB5giJ2MBuCjcZNJ95QfxQYo5BFqLhWfiPj7IwHfmJHvZZc+0L2Z93LxP68T0+DcTWQQxYSByINIKpwEGaFlNgryvtRIBHlz5DLgAjQQoZYchMjEOFtpJjCPoTBUJl/Jmd/kL2meVJxq5eK2WqpdTfcqsAN2yMrMYWesxm5YnTWYYE9szJ7ZizW2Xq036/3ndMGa/uyzGVgf32rioWw=</latexit>

P (A|C) =
P (A \ C)

P (C)
=

1/4

3/4
=

1

3

<latexit sha1_base64="zci9cxD16TfFzw4VT+V1ht1hRxo="></latexit>

⌦ = {HH,HT,TH,TT}

<latexit sha1_base64="NZEFsws9x5X1P+yypud1apMucuE=">AAACSXicbVDLSsNQEL1pfdR31aWbi0VwISURQV2IopvuVEhtoSllcp3WizcP7p0IEvI5fo1bXfgZ4kZcmcQi9TGrM+fMcGaOHytpyLZfrEp1anpmtjY3v7C4tLxSX127MlGiBbZFpCLd9cGgkiG2SZLCbqwRAl9hx789K/TOHWojo9Cl+xj7AYxCOZQCKKcG9WPvPMAR8CPupV4AdGOGaauV7fDvxp1o3EnFdTMvG9QbdtMui/8Fzhg02LguBvU37zoSSYAhCQXG9Bw7pn4KmqRQmM17icEYxC2MsJfDEAI0/bR8NONbiQGKeIyaS8VLEic3UgiMuQ/8fLI88rdWkP9pvYSGB/1UhnFCGIrCiKTC0sgILfMEkV9LjURQXI5chlyABiLUkoMQOZnkkf4wLGwoipQpUnJ+Z/IXXO02nb3m4eVe4+R0nFeNbbBNts0cts9OWItdsDYT7IE9sif2bD1ar9a79fE1WrHGO+vsR1Wqn0Pis6E=</latexit>

two fair coins tosses

A = }(⌦)

<latexit sha1_base64="8ubjzZ4Md/dZl4K6RsMLVcPHlEI=">AAACI3icbVDLSgNBEJz1bXxFPYmXwSDES9iVgHoQfFy8qWASIRtC76SNQ2YfzPQqYQl+jVf9EG/ixYNf4Q+4u+5Bo3Uqqrqp7vIiJQ3Z9rs1MTk1PTM7N19aWFxaXimvrjVNGGuBDRGqUF97YFDJABskSeF1pBF8T2HLG5xmfusOtZFhcEXDCDs+9AN5IwVQKnXLG64PdCtAJccjfsjd+6jqnvvYh51uuWLX7Bz8L3EKUmEFLrrlT7cXitjHgIQCY9qOHVEnAU1SKByV3NhgBGIAfWynNAAfTSfJXxjx7dgAhTxCzaXiuYg/NxLwjRn6XjqZHWzGvUz8z2vHdLPfSWQQxYSByIJIKsyDjNAy7QZ5T2okguxy5DLgAjQQoZYchEjFOC3rV2AWQ2GozChtyRnv5C9p7taceu3gsl45Oin6mmObbItVmcP22BE7YxeswQR7YI/siT1bj9aL9Wq9fY9OWMXOOvsF6+MLxoikxw==</latexit>

A = {HH} two heads

<latexit sha1_base64="/S8+kQ8WjQTGLer+bwBNyvlDBo4=">AAACLXicbVDLSsNAFJ34rO+qSzeDVXBVkiKoC8HHpssKtgpNkZvprQ6dZMLMjSIhH+DXdKsf4kIQt36AP2ASu/B1Vodzz+Xce4JYSUuu++JMTE5Nz8xW5uYXFpeWV6qrax2rEyOwLbTS5jIAi0pG2CZJCi9jgxAGCi+C4Wkxv7hFY6WOzuk+xl4I15EcSAGUS1fVWurbAd86PvRTPwS6sYO02cz8bIvTneY3CH2b5S637pbgf4k3JjU2Ruuq+uH3tUhCjEgosLbruTH1UjAkhcJs3k8sxiCGcI3dnEYQou2l5TMZ304skOYxGi4VL0X8vpFCaO19GOTO8uDfs0L8b9ZNaLDfS2UUJ4SRKIJIKiyDrDAybwl5XxokguJy5DLiAgwQoZEchMjFJK/tR2ARQ1qrsiXvdyd/SadR93brB2eN2tHJuK8K22CbbId5bI8dsSZrsTYT7IGN2CN7ckbOs/PqvH1ZJ5zxzjr7Aef9EzzwqS0=</latexit>

B = {HH,HT} first is head

<latexit sha1_base64="jmN2kW4OUQasFPBgCyi7WQI4kzA="></latexit>

P (A) =
1

4

<latexit sha1_base64="lFSqkEDvlvV2CT+Ehk4IAYEhDH4=">AAACHHicbVDLTgJBEJz1ifhCPHqZSEzwQnYNiXowQb14xEQeCRDSOzQ4YfaRmV4j2fArXPVDvBmvJn6HP+AuchCwTpWq7lSl3FBJQ7b9Za2srq1vbGa2sts7u3v7uYN83QSRFlgTgQp00wWDSvpYI0kKm6FG8FyFDXd4m/qNJ9RGBv4DjULseDDwZV8KoETq5vLV4vUpv+LtvgYRO+O4PO7mCnbJnoIvE2dGCmyGajf33e4FIvLQJ6HAmJZjh9SJQZMUCsfZdmQwBDGEAbYS6oOHphNPu4/5SWSAAh6i5lLxqYh/P2LwjBl5bnLpAT2aRS8V//NaEfUvOrH0w4jQF2kQSYXTICO0TEZB3pMaiSBtjlz6XIAGItSSgxCJGCUrzQWmMRQEyqQrOYubLJP6Wckply7vy4XKzWyvDDtix6zIHHbOKuyOVVmNCfbMJuyFvVoT6816tz5+T1es2c8hm4P1+QNkKKFo</latexit>
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Random variable
probability space(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

X : ⌦ ! R

<latexit sha1_base64="1tDrGaPh7u2LK2Z+3NeNAR6TZLg=">AAACIHicbVDJSgNBFOxxjXGLCl68NAbBU5iRgMsp6MWbUcwCmRDedF5iY89C9xshjPmZXPVDvIlH/Q1/wJmYg0msU1H1HlWUFylpyLY/rYXFpeWV1dxafn1jc2u7sLNbN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hw3u8yvzGE2ojw+CeBhG2fegHsicFUCp1CvvNC/fGxz64FHLXB3rwvORu2CkU7ZI9Bp8nzoQU2QTVTuHb7YYi9jEgocCYlmNH1E5AkxQKh3k3NhiBeIQ+tlIagI+mnYz7D/lRbCCNj1BzqfhYxL8fCfjGDHwvvcwamlkvE//zWjH1ztqJDKKYMBBZEEmF4yAjtEyHQd6VGokga45cBlyABiLUkoMQqRinS00FZjEUhspkKzmzm8yT+knJKZfOb8vFyuVkrxw7YIfsmDnslFXYNauyGhPsmY3YC3u1Rtab9W59/J4uWJOfPTYF6+sHcVmkLg==</latexit>

8x 2 R. {! 2 ⌦ | X(!) > x} 2 A

<latexit sha1_base64="4HlcWleZndVOKJ56sqlRUiZxtG8="></latexit>

8x 2 R. {! 2 ⌦ | X(!)  x} 2 A

<latexit sha1_base64="oLI6FBfqWQmCFjV7/F3Tvtbfjg0="></latexit>

equivalently:

for every x we can assign a probability to the above sets

P (X  x) = P ({! 2 ⌦ | X(!)  x})

<latexit sha1_base64="ocKwiBFxXoPCXvTDeAp1t+6UatU="></latexit>

(can just take discrete values)
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Example
⌦ sequences of n fair coin tosses

<latexit sha1_base64="3hOFSlspu5pjF1msSEhvUZGCxR4="></latexit>

X counts the number of head in a sequence

<latexit sha1_base64="tBHveBPAGM4Ca0HycYLpP64U9rs="></latexit>

for n = 2

<latexit sha1_base64="32kadneLyRclvqihx4gC8OwSr50=">AAACGXicbVC7TgJBFJ31ifhg1dJmIphYkV1iohYmRBtLTOSRACGzwwUnzM5sZu6akA1fQqsfYmdsrfwOf8BdpBDwVCfn3JtzcoJICoue9+WsrW9sbm3ndvK7e/sHBffwqGF1bDjUuZbatAJmQQoFdRQooRUZYGEgoRmM7jK/+QzGCq0ecRxBN2RDJQaCM0ylnltIOnZAB9rQkrqplCY9t+iVvRnoKvHnpEjmqPXc705f8zgEhVwya9u+F2E3YQYFlzDJd2ILEeMjNoR2ShULwXaTWfEJPYstQ00jMFRIOhPh70fCQmvHYZBehgyf7LKXif957RgHV91EqChGUDwLQiFhFmS5EekiQPvCACLLmgMVinJmGCIYQRnnqRinEy0EZjGotbTZSv7yJqukUSn7F+Xrh0qxejvfK0dOyCk5Jz65JFVyT2qkTjiJyZS8kFdn6rw5787H7+maM/85JgtwPn8AlGygdQ==</latexit>

X(HH) = 2

<latexit sha1_base64="EYUxYmAyZrRsmiEA18LdAgO/XdM=">AAACHHicbVDLSsNAFJ3UV62vWJduBotQNyUpBXUhFN10WcE+oC1lMr2tQycPZm7EEvor3eqHuBO3gt/hD5jELGzrWR3OuZdzOE4ghUbL+jJyG5tb2zv53cLe/sHhkXlcbGs/VBxa3Je+6jpMgxQetFCghG6ggLmOhI4zvUv8zhMoLXzvAWcBDFw28cRYcIaxNDSL3XLfZfiox1GjMb+gN7Q6NEtWxUpB14mdkRLJ0Bya3/2Rz0MXPOSSad2zrQAHEVMouIR5oR9qCBifsgn0YuoxF/QgSrvP6XmoGfo0AEWFpKkIfz8i5mo9c534Mu256iXif14vxPHVIBJeECJ4PAlCISEN0lyJeBSgI6EAkSXNgQqPcqYYIihBGeexGMYrLQUmMej7Us/jlezVTdZJu1qxa5Xr+1qpfpvtlSen5IyUiU0uSZ00SJO0CCfPZEFeyKuxMN6Md+Pj9zRnZD8nZAnG5w+QVaF7</latexit>

X(HT) = 1

<latexit sha1_base64="w7LzdG8mfqFi3FHiEJSmygaB6tI=">AAACHHicbVDLSsNAFJ3UV62vWpduBotQNyWRgroQim66rNAXtKFMprd16OTBzI1YQn6lW/0Qd+JW8Dv8AZPYhW09q8M593IOxwmk0GiaX0ZuY3Nreye/W9jbPzg8Kh6XOtoPFYc296Wveg7TIIUHbRQooRcoYK4joetM71O/+wRKC99r4SwA22UTT4wFZ5hIw2KpVxm4DB/1OGq04gt6S61hsWxWzQx0nVgLUiYLNIfF78HI56ELHnLJtO5bZoB2xBQKLiEuDEINAeNTNoF+Qj3mgrajrHtMz0PN0KcBKCokzUT4+xExV+uZ6ySXWc9VLxX/8/ohjq/tSHhBiODxNAiFhCxIcyWSUYCOhAJEljYHKjzKmWKIoARlnCdimKy0FJjGoO9LHScrWaubrJPOZdWqVW8eauX63WKvPDklZ6RCLHJF6qRBmqRNOHkmc/JCXo258Wa8Gx+/pzlj8XNClmB8/gCitKGG</latexit>

X(TH) = 1

<latexit sha1_base64="tjNUpWhWY5H3FAO642J14mfF2W0=">AAACHHicbVDLSsNAFJ3UV62vWpduBotQNyWRgroQim66rNAXtKFMprd16OTBzI1YQn6lW/0Qd+JW8Dv8AZPYhW09q8M593IOxwmk0GiaX0ZuY3Nreye/W9jbPzg8Kh6XOtoPFYc296Wveg7TIIUHbRQooRcoYK4joetM71O/+wRKC99r4SwA22UTT4wFZ5hIw2KpVxm4DB/1OGo14gt6S61hsWxWzQx0nVgLUiYLNIfF78HI56ELHnLJtO5bZoB2xBQKLiEuDEINAeNTNoF+Qj3mgrajrHtMz0PN0KcBKCokzUT4+xExV+uZ6ySXWc9VLxX/8/ohjq/tSHhBiODxNAiFhCxIcyWSUYCOhAJEljYHKjzKmWKIoARlnCdimKy0FJjGoO9LHScrWaubrJPOZdWqVW8eauX63WKvPDklZ6RCLHJF6qRBmqRNOHkmc/JCXo258Wa8Gx+/pzlj8XNClmB8/gCiwKGG</latexit>

X(TT) = 0

<latexit sha1_base64="rd6ffYsmnMc2z6NbphNboXFaGGY=">AAACHHicbVDLSsNAFJ34rPUV69LNYBHqpiRSUBdC0Y3LCn1BW8pkeluHTh7M3Igl5Fe61Q9xJ24Fv8MfMIlZ2NazOpxzL+dwnEAKjZb1Zaytb2xubRd2irt7+weH5lGprf1QcWhxX/qq6zANUnjQQoESuoEC5joSOs70LvU7T6C08L0mzgIYuGziibHgDBNpaJa6lb7L8FGPo2YzPqc31BqaZatqZaCrxM5JmeRoDM3v/sjnoQsecsm07tlWgIOIKRRcQlzshxoCxqdsAr2EeswFPYiy7jE9CzVDnwagqJA0E+HvR8RcrWeuk1xmPZe9VPzP64U4vhpEwgtCBI+nQSgkZEGaK5GMAnQkFCCytDlQ4VHOFEMEJSjjPBHDZKWFwDQGfV/qOFnJXt5klbQvqnatev1QK9dv870K5ISckgqxySWpk3vSIC3CyTOZkxfyasyNN+Pd+Pg9XTPyn2OyAOPzB7UfoZE=</latexit>

P (X  1) = P ({HT,TH,TT}) = 3

4

<latexit sha1_base64="ccTHbCtwP7kpfplYnwpHOb3TT70="></latexit>
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Stochastic process
{Xt}t2T

<latexit sha1_base64="zy1mKb4cuu9D/1uYvu5qQ1/sHFw=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJRJKCLoKEMUl5SbFnnyyaccn7obh0pstLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2/FgKjZb1aVTW1jc2t6rbtZ3dvf0D8/Cop6NEcejySEZq4DMNUoTQRYESBrECFvgS+v70Nvf7M1BaRGEH5zG4AZuEYiw4w0zyTNNJBx46Cy9FR4S0s/DMutWwCtBVYpekTkq0PfPLGUU8CSBELpnWQ9uK0U2ZQsElLGpOoiFmfMomMMxoyALQblokX9CzRDOMaAyKCkkLEX5vpCzQeh742WTA8EEve7n4nzdMcHzlpiKME4SQ54dQSCgOaa5EVgnQkVCAyPLkQLPnOVMMEZSgjPNMTLKOalkf9vL3q6R30bCbjev7Zr11UzZTJSfklJwTm1ySFrkjbdIlnMzIE3kmL8aj8Wq8Ge8/oxWj3Dkmf2B8fAN2cpgp</latexit>

time
discrete N

<latexit sha1_base64="wznhPcuFj8d8uAyuTEd+jKO55rY=">AAACD3icbVC7SgNBFJ31GeMraplmMBGswm4Q1C5oYyURzAOyIcxObuKQ2Qczd4WwpPAT/ApbrezE1k+w8F+cXbfQxFMdzrmXe8/xIik02vantbS8srq2Xtgobm5t7+yW9vbbOowVhxYPZai6HtMgRQAtFCihGylgvieh400uU79zD0qLMLjFaQR9n40DMRKcoZEGpXLi6hEdCs0VINCq6zO887zkeladDUoVu2ZnoIvEyUmF5GgOSl/uMOSxDwFyybTuOXaE/YQpFFzCrOjGGiLGJ2wMPUMD5oPuJ1mIGT2KNcOQRqCokDQT4fdGwnytp75nJtMf9byXiv95vRhHZ/1EBFGMEPD0EAoJ2SGTWph2wBRg4iNLPwcqAsqZYoigBGWcGzE2dRVNH858+kXSrteck9r5Tb3SuMibKZAyOSTHxCGnpEGuSJO0CCcP5Ik8kxfr0Xq13qz3n9ElK985IH9gfXwDTHucYA==</latexit>

continuous R

<latexit sha1_base64="aDCfHbIrqwZyjissRIQ2dY4B8N8=">AAACEXicbVC7SgNBFJ2Nrxhfq5YiDCaCVdgNgtoFbSyjmAckIcxObuKQ2dll5o4QllR+gl9hq5Wd2PoFFv6LuzGFRk91OOde7rkniKUw6HkfTm5hcWl5Jb9aWFvf2Nxyt3caJrKaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqOLzG/egTYiUjc4jqEbsqESA8EZplLP3U86ZkB5pFAoG1lDS52Q4W0QJNeT0qTnFr2yNwX9S/wZKZIZaj33s9OPuA1BIZfMmLbvxdhNmEbBJUwKHWsgZnzEhtBOqWIhmG4yfWNCD61hGNEYNBWSTkX4uZGw0JhxGKSTWUYz72Xif17b4uC0mwgVWwTFs0MoJEwPGa5F2g/QvtCAyLLkQIWinGmGCFpQxnkq2rSwQtqHP//9X9KolP3j8tlVpVg9nzWTJ3vkgBwRn5yQKrkkNVInnNyTR/JEnp0H58V5dd6+R3PObGeX/ILz/gVMDp18</latexit>

a family of random variables indexed by T

<latexit sha1_base64="bizXhLFlqIfCJxQ4LPTFyaxQjP0=">AAACJXicbVC7SgNBFJ31bXxFLW0Go2AVdkVQO9HGUsGokIRwd/auDs7MLjN3g2HJd/gJfoWtVnYiWIi/4iSm8HWqwzn3eeJcSUdh+BaMjU9MTk3PzFbm5hcWl6rLK+cuK6zAhshUZi9jcKikwQZJUniZWwQdK7yIb44G/kUXrZOZOaNejm0NV0amUgB5qVONypZLOfAUtFQ9nqXcgkkyzbtgJfgpjkuT4C0mPO7xjbONfqdaC+vhEPwviUakxkY46VTfW0kmCo2GhALnmlGYU7sES1Io7FdahcMcxA1cYdNTAxpduxy+1uebhQPKeI6WS8WHIn7vKEE719Oxr9RA1+63NxD/85oFpXvtUpq8IDRisIikwuEiJ6z0mSFPpEUiGFyOPgYuwAIRWslBCC8WPsSKzyP6/f1fcr5dj3bq+6fbtYPDUTIzbI2tsy0WsV12wI7ZCWswwe7YA3tkT8F98By8BK9fpWPBqGeV/UDw8QkoIaSb</latexit>

8t 2 T. Xt : ⌦ ! R

<latexit sha1_base64="bQvETWnxq5LP+yqOeYA8tQyh1M4=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBD0EnYl4OMU9OLNKEYD2RB6J504ZPbBTK8QlnyDn+BXeNWTN/EqHvwXZ2MOvupUVHVT3RUkShpy3Xdnanpmdm6+sFBcXFpeWS2trV+ZONUCGyJWsW4GYFDJCBskSWEz0QhhoPA6GJzk/vUtaiPj6JKGCbZD6EeyJwWQlTqlXb8Xa1CKky8jflnxebNDR/5ZiH3wKeZ+CHQTBNnFqFMquxV3DP6XeBNSZhPUO6UPvxuLNMSIhAJjWp6bUDsDTVIoHBX91GACYgB9bFkaQYimnY1fGvHt1ICNT1BzqfhYxO8bGYTGDMPATuYXmt9eLv7ntVLqHbQzGSUpYSTyIJIKx0FGaGm7Qt6VGokgvxy5rUWABiLUkoMQVkxteUXbh/f7+7/kaq/iVSuH59Vy7XjSTIFtsi22wzy2z2rslNVZgwl2xx7YI3ty7p1n58V5/RqdciY7G+wHnLdPZ3WhtA==</latexit>

set of states
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Stochastic process
{Xt}t2T

<latexit sha1_base64="zy1mKb4cuu9D/1uYvu5qQ1/sHFw=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJRJKCLoKEMUl5SbFnnyyaccn7obh0pstLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2/FgKjZb1aVTW1jc2t6rbtZ3dvf0D8/Cop6NEcejySEZq4DMNUoTQRYESBrECFvgS+v70Nvf7M1BaRGEH5zG4AZuEYiw4w0zyTNNJBx46Cy9FR4S0s/DMutWwCtBVYpekTkq0PfPLGUU8CSBELpnWQ9uK0U2ZQsElLGpOoiFmfMomMMxoyALQblokX9CzRDOMaAyKCkkLEX5vpCzQeh742WTA8EEve7n4nzdMcHzlpiKME4SQ54dQSCgOaa5EVgnQkVCAyPLkQLPnOVMMEZSgjPNMTLKOalkf9vL3q6R30bCbjev7Zr11UzZTJSfklJwTm1ySFrkjbdIlnMzIE3kmL8aj8Wq8Ge8/oxWj3Dkmf2B8fAN2cpgp</latexit>

8t 2 T. Xt : ⌦ ! R

<latexit sha1_base64="bQvETWnxq5LP+yqOeYA8tQyh1M4=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBD0EnYl4OMU9OLNKEYD2RB6J504ZPbBTK8QlnyDn+BXeNWTN/EqHvwXZ2MOvupUVHVT3RUkShpy3Xdnanpmdm6+sFBcXFpeWS2trV+ZONUCGyJWsW4GYFDJCBskSWEz0QhhoPA6GJzk/vUtaiPj6JKGCbZD6EeyJwWQlTqlXb8Xa1CKky8jflnxebNDR/5ZiH3wKeZ+CHQTBNnFqFMquxV3DP6XeBNSZhPUO6UPvxuLNMSIhAJjWp6bUDsDTVIoHBX91GACYgB9bFkaQYimnY1fGvHt1ICNT1BzqfhYxO8bGYTGDMPATuYXmt9eLv7ntVLqHbQzGSUpYSTyIJIKx0FGaGm7Qt6VGokgvxy5rUWABiLUkoMQVkxteUXbh/f7+7/kaq/iVSuH59Vy7XjSTIFtsi22wzy2z2rslNVZgwl2xx7YI3ty7p1n58V5/RqdciY7G+wHnLdPZ3WhtA==</latexit>

we focus on discrete processes
(set of states is finite or countable)

discrete time

continuous time

S = {Xt(!)|! 2 ⌦ ^ t 2 T} = {1, 2, · · · , N}

<latexit sha1_base64="uzuaZfWmF0dhwpswBXGcn/wFdys="></latexit>

we further assume states are positive natural numbers

for some N

Xt = i reads as “the stochastic process X is in state i at time t”

<latexit sha1_base64="OpGdepKCMVv8kZ/AMw0O9hUNzS0="></latexit>

Xt = i reads as “the stochastic process X is in state i at time t”

<latexit sha1_base64="OpGdepKCMVv8kZ/AMw0O9hUNzS0="></latexit>
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Markov chain
{Xt}t2T

<latexit sha1_base64="zy1mKb4cuu9D/1uYvu5qQ1/sHFw=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJRJKCLoKEMUl5SbFnnyyaccn7obh0pstLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2/FgKjZb1aVTW1jc2t6rbtZ3dvf0D8/Cop6NEcejySEZq4DMNUoTQRYESBrECFvgS+v70Nvf7M1BaRGEH5zG4AZuEYiw4w0zyTNNJBx46Cy9FR4S0s/DMutWwCtBVYpekTkq0PfPLGUU8CSBELpnWQ9uK0U2ZQsElLGpOoiFmfMomMMxoyALQblokX9CzRDOMaAyKCkkLEX5vpCzQeh742WTA8EEve7n4nzdMcHzlpiKME4SQ54dQSCgOaa5EVgnQkVCAyPLkQLPnOVMMEZSgjPNMTLKOalkf9vL3q6R30bCbjev7Zr11UzZTJSfklJwTm1ySFrkjbdIlnMzIE3kmL8aj8Wq8Ge8/oxWj3Dkmf2B8fAN2cpgp</latexit>

(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

8x, x0, x1, · · ·xn

<latexit sha1_base64="A7FD08M9PI2wuNo63/jIn1DdGTs=">AAACE3icbVC7SgNBFJ2N7/iKWlo4GASLEHYloHaijaWCSYRsCHcnN3HI7IOZu2IIln6CX2GrlZ3Y+gEW/ouz6xa+TjEczjmXO/cEiZKGXPfdKU1Nz8zOzS+UF5eWV1Yra+stE6daYFPEKtaXARhUMsImSVJ4mWiEMFDYDkYnmd++Rm1kHF3QOMFuCMNIDqQAslKvsuUPYg1K8Zsav+m52ePxmi/6MRnLbaLq1t0c/C/xClJlBc56lQ+/H4s0xIiEAmM6nptQdwKapFB4W/ZTgwmIEQyxY2kEIZruJD/klu+kBijmCWouFc9F/D4xgdCYcRjYZAh0ZX57mfif10lpcNCdyChJCSORLSKpMF9khJa2IeR9qZEIsp8jlxEXoIEIteQghBVTW1nZ9uH9vv4vae3VvUb98LxRPToumplnm2yb7TKP7bMjdsrOWJMJdsce2CN7cu6dZ+fFef2KlpxiZoP9gPP2CT5xnLc=</latexit>

8t0 < t1 < · · · < tn < t

<latexit sha1_base64="vjHisLcqqZLmiSoK9EpqGDwdvPM=">AAACF3icbVA9SwNBEN2LXzF+RS1tFoNgFe5EUCFF0MYygvmAJIS5zSQu2ds7dueEEPID/An+Clut7MTW0sL/4t2ZQhNfMbx9b4bZeX6kpCXX/XRyS8srq2v59cLG5tb2TnF3r2HD2Aisi1CFpuWDRSU11kmSwlZkEAJfYdMfXaV+8x6NlaG+pXGE3QCGWg6kAEqkXrHUGYQGlOLUcytJ8XiFd0Q/JMvTp85qseSW3Qx8kXgzUmIz1HrFr04/FHGAmoQCa9ueG1F3AoakUDgtdGKLEYgRDLGdUA0B2u4kO2bKj2ILFPIIDZeKZyL+nphAYO048JPOAOjOznup+J/Xjmlw3p1IHcWEWqSLSCrMFllhZJIS8r40SATpz5FLzQUYIEIjOQiRiHESWyHJw5u/fpE0Tsreafni5rRUvZwlk2cH7JAdM4+dsSq7ZjVWZ4I9sCf2zF6cR+fVeXPef1pzzmxmn/2B8/ENIuqdmw==</latexit>

possible states
possible times

P (Xt = x|Xtn = xn, · · · , Xt0 = x0) = P (Xt = x|Xtn = xn)

<latexit sha1_base64="60so97UVWlSbO4qJhGegFB2ayJc="></latexit>

probability space stochastic process

Markov property (memoryless)

furthermore, we only consider homogeneous Markov chains

P (Xt = x|Xtn = xn) = P (Xt�tn = x|X0 = xn)

<latexit sha1_base64="3UDlabQBGR7Lz1Ky1BC2UILLESk=">AAACJnicbZDPSgMxEMaz9X/9t+rRS7AI9WDZLYJ6KBS9eKxgbaEtSzaOGprNLsmsKGvfw0fwKbzqyZuIB8FHMdv2oNa55OP3zTCZL0ykMOh5H05hanpmdm5+obi4tLyy6q6tn5s41RyaPJaxbofMgBQKmihQQjvRwKJQQivsH+d+6wa0EbE6w7sEehG7UuJScIYWBW61UW4HGQ5qt/f5GyirArVDa7Q4cnZHzLqehbkXuCWv4g2LTgp/LEpkXI3A/exexDyNQCGXzJiO7yXYy5hGwSUMit3UQMJ4n11Bx0rFIjC9bHjbgG6nhmFME9BUSDqE8HMiY5Exd1FoOyOG1+avl8P/vE6Klwe9TKgkRVA8X4RCwnCR4VrY0IBeCA2ILP85UKEoZ5ohghaUcW5halMs2jz8v9dPivNqxd+rHJ7ulepH42TmySbZImXik31SJyekQZqEkwfyRJ7Ji/PovDpvzvuoteCMZzbIr3K+vgGPoqQq</latexit>

time independence
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Discrete Time MC
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2N

<latexit sha1_base64="sAS5wokvPJ1Zfn9ztosj+hos+E8=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFN66kgn1AE8JkeluHTh7M3AglBD/Br3CrK3fi1m9w4b+YxC609awO59zLPff4sRQaLevTWFhcWl5ZraxV1zc2t7bNnd2OjhLFoc0jGamezzRIEUIbBUroxQpY4Evo+uPLwu/eg9IiCm9xEoMbsFEohoIzzCXP3HfSnodO5qXoiJA6AcM730+vs8wza1bdKkHniT0lNTJFyzO/nEHEkwBC5JJp3betGN2UKRRcQlZ1Eg0x42M2gn5OQxaAdtPyhYweJZphRGNQVEhaivB7I2WB1pPAzyeLiHrWK8T/vH6CwzM3FWGcIIS8OIRCQnlIcyXyboAOhAJEViQHmrfAmWKIoARlnOdikpdVzfuwZ7+fJ52Tut2on980as2LaTMVckAOyTGxySlpkivSIm3CyQN5Is/kxXg0Xo034/1ndMGY7uyRPzA+vgHeyJw/</latexit>

P (Xn+1 = x|Xn = xn, · · · , X0 = x0) = P (X1 = x|X0 = xn)

<latexit sha1_base64="2LcjqM+JVJytgMrXGouHXNI5Oag="></latexit>

P entirely determined by

<latexit sha1_base64="lVIESmlDt65iEDFaji1olkUSpLk=">AAACFHicbVC7TsMwFHV4lvIqMLJYtEhMVVIhAVsFC2OR6ENqq8pxbotVO4nsG6Qo6son8BWsMLEhVnYG/gU3dICWMx2d+zzHj6Uw6LqfztLyyuraemGjuLm1vbNb2ttvmSjRHJo8kpHu+MyAFCE0UaCETqyBKV9C2x9fTevte9BGROEtpjH0FRuFYig4QysNSjTrmSGtNCoUQhQaZEoDQNDK7guon04GpbJbdXPQReLNSJnM0BiUvnpBxBNl93HJjOl6boz9jGkUXMKk2EsMxIyP2Qi6loZMgelnuZMJPU4Mw4jGoKmQNBfh90TGlDGp8m2nYnhn5mtT8b9aN8HheT8TYZwghHx6CIWE/JDhWtiIgAbWPyKbfg5UhJQzzdBmISjj3IqJzaxo8/Dm3S+SVq3qnVYvbmrl+uUsmQI5JEfkhHjkjNTJNWmQJuHkgTyRZ/LiPDqvzpvz/tO65MxmDsgfOB/fpv2eJw==</latexit>

ai,j = P (X1 = j|X0 = i) for i, j 2 {1, ..., N}

<latexit sha1_base64="qv00D4klhu1LO+Ou6D/5PsTTLHE="></latexit>

called transition probabilities
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Continuous Time MC
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain

(the exponential distribution is the only memoryless one)

{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

P (Xtn+�t = x|Xtn = xn, · · · , Xt0 = x0) = P (X�t = x|X0 = xn)

<latexit sha1_base64="Vv/ow2z8V1T3AyyXA7qFXCNcmyY="></latexit>

P entirely determined by the rates �i,j that govern

<latexit sha1_base64="E1Q7nFElm4a4pd6VFUECX2K3Mdc="></latexit>

P (Xt = j|X0 = i) = 1� e��i,jt

<latexit sha1_base64="N0ygkd9BDH52WSX7ff6tNUJDIzY=">AAACHXicbVC7SgNBFJ2NrxhfUUubwSAoaNgVQS0CQRvLCCYGkrjcnVzjxNkHM3eFsOYb/AS/wlYrO7EVC//FzZrC16kO59zn8SIlDdn2u5WbmJyansnPFubmFxaXissrDRPGWmBdhCrUTQ8MKhlgnSQpbEYawfcUnnvXxyP//Aa1kWFwRoMIOz70AnkpBVAqucWt2mbTpUr/tunaFbnFK9zhOxwvkp22Sqd0wU3kdn9IQ+4WS3bZzsD/EmdMSmyMmlv8aHdDEfsYkFBgTMuxI+okoEkKhcNCOzYYgbiGHrZSGoCPppNkLw35RmyAQh6h5lLxTMTvHQn4xgx8L630ga7Mb28k/ue1Yro86CQyiGLCQIwWkVSYLTJCyzQr5F2pkQhGlyOXAReggQi15CBEKsZpeIU0D+f3939JY7fs7JUPT/dK1aNxMnm2xtbZJnPYPquyE1ZjdSbYHXtgj+zJureerRfr9as0Z417VtkPWG+fj22f/A==</latexit>



(homogeneous) DTMC

34
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DTMC as matrices
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2N

<latexit sha1_base64="sAS5wokvPJ1Zfn9ztosj+hos+E8=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFN66kgn1AE8JkeluHTh7M3AglBD/Br3CrK3fi1m9w4b+YxC609awO59zLPff4sRQaLevTWFhcWl5ZraxV1zc2t7bNnd2OjhLFoc0jGamezzRIEUIbBUroxQpY4Evo+uPLwu/eg9IiCm9xEoMbsFEohoIzzCXP3HfSnodO5qXoiJA6AcM730+vs8wza1bdKkHniT0lNTJFyzO/nEHEkwBC5JJp3betGN2UKRRcQlZ1Eg0x42M2gn5OQxaAdtPyhYweJZphRGNQVEhaivB7I2WB1pPAzyeLiHrWK8T/vH6CwzM3FWGcIIS8OIRCQnlIcyXyboAOhAJEViQHmrfAmWKIoARlnOdikpdVzfuwZ7+fJ52Tut2on980as2LaTMVckAOyTGxySlpkivSIm3CyQN5Is/kxXg0Xo034/1ndMGY7uyRPzA+vgHeyJw/</latexit>

ai,j = P (X1 = j|X0 = i) for i, j 2 {1, ..., N}

<latexit sha1_base64="qv00D4klhu1LO+Ou6D/5PsTTLHE="></latexit>

P =

2

6664

a1,1 a1,2 · · · a1,N
a2,1 a2,2 · · · a2,N
...

...
...

aN,1 aN,2 · · · aN,N

3

7775

<latexit sha1_base64="UAAvMCCk3BLpyd54NDIi3ZS+yD0="></latexit>

8i 2 {1, ..., N}.
NX

j=1

ai,j = 1

<latexit sha1_base64="rF/hZoCL+2FbGm8n0GVhKtIheNU="></latexit>

8i, j 2 {1, ..., N}. 0  ai,j  1

<latexit sha1_base64="l8Pn+NmVJupu/1hPjlWpStf/t0o=">AAACJHicbVC7TsNAEDzzJrwClDQnIiSKyLIREtAhaKhQkMhDiqNofdmEg/PZ3K2RkJXf4BP4Clqo6BAFBXwLjknBa6rZmV3t7oSJkpY8782ZmJyanpmdmy8tLC4tr5RX1xo2To3AuohVbFohWFRSY50kKWwlBiEKFTbDq+OR37xBY2Wsz+k2wU4EAy37UgDlUrfsBf3YgFJcVi8DqYPMr7quWz0Nhm7AvUDhNYdulptDXhR+t1zxXK8A/0v8MamwMWrd8nvQi0UaoSahwNq27yXUycCQFAqHpSC1mIC4ggG2c6ohQtvJis+GfCu1QDFP0HCpeCHi94kMImtvozDvjIAu7G9vJP7ntVPq73cyqZOUUIvRIpIKi0VWGJlHhrwnDRLB6HLkUnMBBojQSA5C5GKaZ1jK8/B/f/+XNHZcf9c9ONutHB6Nk5ljG2yTbTOf7bFDdsJqrM4Eu2MP7JE9OffOs/PivH61TjjjmXX2A87HJ+tpork=</latexit>
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Example

P =

2

4
4/5 1/5 0
0 1/3 2/3
1 0 0

3

5

<latexit sha1_base64="XNkwytDMQWbmKJGV42wQMrl8eGY="></latexit>

4
5 + 1

5 + 0 = 1

0 + 1
3 + 2

3 = 1

1 + 0 + 0 = 1

<latexit sha1_base64="/40lyG3aq4q3LBeb2jgGczgKVNM="></latexit>
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DTMC as LTS

P =

2

6664

a1,1 a1,2 · · · a1,N
a2,1 a2,2 · · · a2,N
...

...
...

aN,1 aN,2 · · · aN,N

3

7775

<latexit sha1_base64="UAAvMCCk3BLpyd54NDIi3ZS+yD0="></latexit>

transitions i
ai,j��! j

<latexit sha1_base64="cQPwnAu9IKidiCaKYM6RWCPtHmo="></latexit>

set of labels [0, 1]

<latexit sha1_base64="FAoSQitA/wy5+AZHsZJDbZZ3374=">AAACD3icbVC7TgJBFJ3FF+ILtaSZCCYWhuwSE7Uj2lhiIo8ENuTucMEJs4/M3DUhGwo/wa+w1crO2PoJFv6Ly0qh6KlOzrk3957jRUoasu0PK7e0vLK6ll8vbGxube8Ud/daJoy1wKYIVag7HhhUMsAmSVLYiTSC7ylse+PLmd++Q21kGNzQJELXh1Egh1IApVK/WEp6ZsgNEg+HXIGHyvBK1z523Mq0XyzbVTsD/0ucOSmzORr94mdvEIrYx4CEAmO6jh2Rm4AmKRROC73YYARiDCPspjQAH42bZCGm/DA2QCGPUHOpeCbiz40EfGMmvpdO+kC3ZtGbif953ZiGZ24igygmDMTsEEmF2SEjtEzbQT6QGolg9jlyGXABGohQSw5CpGKc1lVI+3AW0/8lrVrVOameX9fK9Yt5M3lWYgfsiDnslNXZFWuwJhPsnj2yJ/ZsPVgv1qv19j2as+Y7++wXrPcvQV+bFg==</latexit>

for each state, the sum of the labels of outgoing arcs is equal to 1

<latexit sha1_base64="6g58ruMhF2y3xKDX1t43LZoQhMY=">AAACQHicbVA9bxNBEN0LAYLDh4GSZhQHiQJZd1EkoIugoaAIEk4i2ZY1t5mzV9nbPXZmkaKT/xQ/gV8BBUVS0SFaKu4OF/l61dv3ZvR2Xl5Zw5KmP5K1W+u379zduNfbvP/g4aP+4ycH7GPQNNLe+nCUI5M1jkZixNJRFQjL3NJhfvKu9Q+/UGDj3Sc5rWha4tyZwmiURpr1P9QTLqDwAQj1AlhQ6CXIgoBjCb7oqMWcLLcvH2 XujZsDBs1gGOhzRAviYTvbXs76g3SYdoDrJFuRgVphf9b/OTn2OpbkRFtkHmdpJdMagxhtadmbRKYK9QnOadxQhyXxtO6uXsLzyNgEVxTAWOhEurhRY8l8WubNZImy4KteK97kjaMUr6e1cVUUcroNEmOpC2IdTFMnwbEJJILtzwmMA40BRSgYQK0bMTb99po+sqvXXycHO8Nsd/jm485g7+2qmQ31TG2pFypTr9Seeq/21Uhp9VV9V2fqPPmW/Ep+J3/+j64lq52n6hKSv/8AjrauvQ==</latexit>

also called probabilistic transition systems

states S = {1, ..., N}

<latexit sha1_base64="v47m2ZmDO+wTAkh0wyk9oSOfKrE=">AAACEHicbVC7SgNBFJ2NrxhfUUstBqNgIcuuCGohBG2sRNGYQDaEu+NNHDL7YOauIEsaP8GvsNXKTmz9Awv/xc26ha9THc65l3vP8WMlDTnOu1UaG5+YnCpPV2Zm5+YXqotLlyZKtMCGiFSkWz4YVDLEBklS2Io1QuArbPqDo5HfvEFtZBRe0G2MnQD6oexJAZRJ3epq6pkeNwSEhq+fH3ipu2Xb9taJN1wfdqs1x3Zy8L/ELU iNFTjtVj+8q0gkAYYkFBjTdp2YOilokkLhsOIlBmMQA+hjO6MhBGg6aZ5iyDcSAxTxGDWXiucift9IITDmNvCzyQDo2vz2RuJ/Xjuh3l4nlWGcEIZidIikwvyQEVpm9SC/khqJYPQ5chlyARqIUEsOQmRikvVVyfpwf6f/Sy63bXfH3j/brtUPi2bKbIWtsU3msl1WZ8fslDWYYHfsgT2yJ+veerZerNev0ZJV7CyzH7DePgGYPps8</latexit>

i
p
((

q
66 j

<latexit sha1_base64="NAjjF+yH4BcJXCyU+csP9MOv5N0="></latexit>

i
p+q // j

<latexit sha1_base64="PyhJ/SHxGB0EKAqi7hnqEuUvCBM=">AAACJnicbVDLSsNAFJ3UV62vqktBBosiCCURQd2JblxWsK3QxnIzXuvYycOZG2kJ2fkx4la/w52IO3/BPzCpXfg6q8M593m8SElDtv1mFcbGJyanitOlmdm5+YXy4lLDhLEWWBehCvWZBwaVDLBOkhSeRRrB9xQ2vd5R7jdvURsZBqc0iND1oRvISymAMqlTXm33Bz6Qlv2kJHkbdEu750m0dZPyDX6ddsoVu2oPwf8SZ0QqbIRap/zRvghF7GNAQoExLceOyE1AkxQK01I7NhiB6EEXWxkNwEfjJsM/Ur4eG6CQR6i5VHwo4veOBHxjBr6XVWY3X5nfXi7+57ViutxzExlEMWEg8kUkFQ4XGaFlFhDyC6mRCPLLkcuAC9BAhFpyECIT4yyxH0NBKTfpD/KMnN+J/CWN7aqzU90/2akcHI7SKrIVtsY2mcN22QE7ZjVWZ4LdsQf2yJ6se+vZerFev0oL1qhnmf2A9f4JsLqmJw==</latexit>

same as
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Example322 14 Measure Theory and Markov Chains

where the resulting row vector is transposed for space reasons.
For some special classes of DTMCs we can prove the existence of a limit vector

for t ! •, that is to say the probability that the system is found in a particular state
is stationary in the long run (see Section 14.4.3).

1
1/5

//

4/5

◆◆

2

2/3
��

1/3

↵↵

3

1

^^

Fig. 14.5: A DTMC

Example 14.5 (DTMC). Let us consider the DTMC in Figure 14.5. We represent the
chain algebraically by using the following matrix:

P =

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������

Now suppose that we do not know the state of the system at time t, thus we assume
the system has equal probability 1

3 of being in any of the three states. We represent
this situation with the following vector:

p(t) =
��1/3 1/3 1/3

��

Now we can calculate the state distribution at time t +1 as follows:

p(t+1) =
��1/3 1/3 1/3

��

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������
=
��3/5 8/45 2/9

��

Notice that the sum of probabilities in the result 3/5+8/45+2/9 is again 1. Obvi-
ously we can iterate this process in order to simulate the evolution of the system.

Since we have represented a Markov chain by using a transition system it is quite
natural to ask for the probability of a finite path.

Definition 14.17 (Finite path probability). Let {Xt}t2N be a DTMC and s1 · · ·sn
a finite path of its PTS (i.e., 8i. 1  i < n ) aD(si)(si+1) > 0). We define the
probability P(s1 · · ·sn) of the path s1 · · ·sn as follows:

P(s1 · · ·sn) =
n�1

’
i=1

aD(si)(si+1) =
n�1

’
i=1

asi,si+1

P =

2

4
4/5 1/5 0
0 1/3 2/3
1 0 0

3

5

<latexit sha1_base64="XNkwytDMQWbmKJGV42wQMrl8eGY="></latexit>
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Probabilistic transition  
systems

transition function:
↵D : S ! D(S)

<latexit sha1_base64="zGMVxxBfVO+7G1zOX2/NYdg9ptU=">AAACEHicbVC7TsNAEDyHd3gZKKE4ESGFJrIREo8KAQUlCEIixVG0vmySU84P3a2RkJWGT+AraKGiQ7T8AQX/gh1SQMJUo5ld7ez4sZKGHOfTKkxNz8zOzS8UF5eWV1bttfVbEyVaYFVEKtJ1HwwqGWKVJCmsxxoh8BXW/P5Z7tfuUBsZhTd0H2MzgG4oO1IAZVLL3vJAxT1onfNjfu1R5AVAPd9Pzwfl692WXXIqzhB8krgjUmIjXLbsL68diSTAkIQCYxquE1MzBU1SKBwUvcRgDKIPXWxkNIQATTMdfjHgO4kBiniMmkvFhyL+3kghMOY+8LPJPKQZ93LxP6+RUOewmcowTghDkR8iqXB4yAgts3qQt6VGIsiTI5chF6CBCLXkIEQmJllfxawPd/z7SXK7V3H3K0dX+6WT01Ez82yTbbMyc9kBO2EX7JJVmWAP7Ik9sxfr0Xq13qz3n9GCNdrZYH9gfXwD4rGcDw==</latexit>

set of discrete probabilistic distributions over S

↵D : S ! D(S) [ {?}

<latexit sha1_base64="kg5MbDds6sRoiYfpmbizMQKZl5E=">AAACHXicbVC7TsNAEDzzDOEVoKQ5ESGFJrIREo8qAgpKUEhAykXR+ljgxNk+3a2RkJVv4BP4Clqo6BAtouBfsEMKCEw1mtnVzk5otHLk+x/e2PjE5NR0aaY8Oze/sFhZWm67JLUSWzLRiT0PwaFWMbZIkcZzYxGiUONZeHNQ+Ge3aJ1K4lO6M9iN4CpWl0oC5VKvsiFAm2voHfI93hSUiAjoOgyzw36tuSFkakQmHIEV/V6l6t f9AfhfEgxJlQ1x3Kt8iotEphHGJDU41wl8Q90MLCmpsV8WqUMD8gausJPTGCJ03WzwUp+vpw4o4QYtV5oPRPy5kUHk3F0U5pNFYjfqFeJ/Xiely51upmKTEsayOERK4+CQk1blXSG/UBaJoEiOXMVcggUitIqDlLmY5uWV8z6C0e//kvZmPdiq755sVRv7w2ZKbJWtsRoL2DZrsCN2zFpMsnv2yJ7Ys/fgvXiv3tv36Jg33Flhv+C9fwHXBaH7</latexit>

more generally, we can allow for deadlock states

D(S) =
(
d

����� d : S ! [0, 1],
X

s2S

d(s) = 1

)

<latexit sha1_base64="DqVNVFGMveXUX++yZQ/Y33TY0Jc="></latexit>
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DTMC: uncertainty
the state of the system at time t is uncertain

we can estimate the likeliness of being in a certain state

the state of the DTMC at time t is a probability distribution

⇡(t) = [ ⇡(t)
1 , ⇡(t)

2 , · · · , ⇡(t)
N ]

<latexit sha1_base64="XMH76fhPQLyaYrYJWtDAJYDr24U="></latexit>

probability of being in state N at time t

probability of being in state 2 at time t

probability of being in state 1 at time t
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Example
P =

2

4
4/5 1/5 0
0 1/3 2/3
1 0 0

3

5

<latexit sha1_base64="XNkwytDMQWbmKJGV42wQMrl8eGY="></latexit>

⇡(0) = [ 1 , 0 , 0 ]

<latexit sha1_base64="FfGmRUWhRdcIQqfgoPA9+GRUXO0=">AAACJ3icbVDLSgNBEJyNr/iOevTgYBAUJOyKoB4E0YvHCEaF7Bp6J504ZPbBTK8Ylj36MeJVv8Ob6NFP8A/cxAiaWIemqOqeni4/VtKQbb9bhbHxicmp4vTM7Nz8wmJpafnCRIkWWBORivSVDwaVDLFGkhRexRoh8BVe+p2Tnn95i9rIKDynboxeAO1QtqQAyqVGac2N5XW6aW9l/JDXXe64fNvl9k/1GqWyXbH74KPEGZAyG6 DaKH26zUgkAYYkFBhTd+yYvBQ0SaEwm3ETgzGIDrSxntMQAjRe2j8k4xuJAYp4jJpLxfsi/p5IITCmG/h5ZwB0Y4a9nvifV0+ote+lMowTwlD0FpFU2F9khJZ5QsibUiMR9H6OXIZcgAYi1JKDELmY5JH9eRSU8tK7bpZn5AwnMkoudirObuXgbLd8dDxIq8hW2TrbZA7bY0fslFVZjQl2zx7ZE3u2HqwX69V6+24tWIOZFfYH1scX8xWjSw==</latexit>

⇡(0) = [ 1/2 , 0 , 1/2 ]

<latexit sha1_base64="JvKtj8Zv2nnXovQXaLR1A7jf4Gg=">AAACK3icbVDLSgNBEJz1GeMr6tHLYBAUJO6GgHoQgl48RjBRyK7SO2l1yOyDmV4xLPkAP0a86nd4Urz6Af6BmzUHE+3DUFNV3T1TfqykIdt+syYmp6ZnZgtzxfmFxaXl0spqy0SJFtgUkYr0hQ8GlQyxSZIUXsQaIfAVnvvd44F+fofayCg8o16MXgA3obyWAiijrkplN5aX6Za93eeHvO1yZ7fq8h2X2/mZ37zMZVfsvPhf4A xBmQ2rcVX6cjuRSAIMSSgwpu3YMXkpaJJCYb/oJgZjEF24wXYGQwjQeGn+mT7fTAxQxGPUXCqek/i7I4XAmF7gZ84A6NaMawPyP62d0PW+l8owTghDMVhEUmG+yAgts5SQd6RGIhi8HLkMuQANRKglByEyMsliGxkKSnnpfa+fZeSMJ/IXtKoVp1Y5OK2V60fDtApsnW2wLeawPVZnJ6zBmkywB/bEntmL9Wi9Wu/Wx491whr2rLGRsj6/AedrpDY=</latexit>

⇡(0) = [ 1/4 , 1/2 , 1/4 ]

<latexit sha1_base64="Plhaukq5mYmGJcII6s6L4/oOa8A=">AAACLXicbVDLSgNBEJz1Gd9Rj14Gg6AgcTcE1IMQ9OIxglEhu4beSatDZh/M9IphyRf4MeJVv8ODIF49+wfuxj2osS5dU9U9PVN+rKQh2361xsYnJqemSzOzc/MLi0vl5ZUzEyVaYEtEKtIXPhhUMsQWSVJ4EWuEwFd47veOcv/8FrWRUXhK/Ri9AK5DeSUFUCZ1yhtuLC/TTXtrwA942+XOTt3l23mtFTU7e51yxa7aQ/BR4h Skwgo0O+VPtxuJJMCQhAJj2o4dk5eCJikUDmbdxGAMogfX2M5oCAEaLx1+Z8A3EgMU8Rg1l4oPRfw5kUJgTD/ws84A6Mb89XLxP6+d0NWel8owTghDkS8iqXC4yAgts5yQd6VGIshfjlyGXIAGItSSgxCZmGTB/boUlPLSu/4gy8j5m8goOatVnXp1/6ReaRwWaZXYGltnm8xhu6zBjlmTtZhg9+yRPbFn68F6sd6s9+/WMauYWWW/YH18AepZpLA=</latexit>

the system starts at state 1

initial states 1 and 3, equally likely 

initial state 2 more likely than 1, 3
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Computing with uncertainty
if we know the distribution at time t

we can estimate the distribution at time t+1

the probability to be in state k at time t+1 is the sum
of the probabilities to be in each state i at time t and move to k

⇡(t+1)
k =

NX

i=1

⇡(t)
i · ai,k

<latexit sha1_base64="vxnL2nNYKc4Y/eZMZbudFe125O0="></latexit>

⇡(t+1) = ⇡(t) · P

<latexit sha1_base64="m7oQSzoFtjKLOhxIP+kQK+Y/Ifc=">AAACJXicbVDLSgNBEJyN73fUowiDQVCEsCsB9SCIXjxGMDGQrNI76cQhsw9mesWw7MmPEa/6Hd5E8OQ3+Adu4h6MsU41VdXTM+VFShqy7Q+rMDE5NT0zOze/sLi0vFJcXaubMNYCayJUoW54YFDJAGskSWEj0gi+p/DK650N/Ks71EaGwSX1I3R96AayIwVQJt0UN1uRvE52aM/ZTY95fthNW6IdEq/eFEt22R6CjxMnJyWWI8t/tdqhiH0MSCgwpunYEbkJaJJCYTrfig1GIHrQxWZGA/DRuMnwGynfjg1QyCPUXCo+FPH3RAK+MX3fy5I+0K356w3E/7xmTJ1DN5FBFBMGYrCIpMLhIiO0zPpB3pYaiWDwcuQy4AI0EKGWHITIxDgrbORSUMpN7vtp1pHzt5FxUt8vO5Xy0UWldHKatzXLNtgW22EOO2An7JxVWY0J9sCe2DN7sR6tV+vNev+JFqx8Zp2NwPr8BoZfpPQ=</latexit>

·

<latexit sha1_base64="tSC5lRVnNUETkZ/BEq9MazqKv9o=">AAACC3icbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF30olDZh/M9IphySeIV/0Ob+LVj/Az/AN31xxMYp2Kqu6uprxISUO2/WUVVlbX1jeKm6Wt7Z3dvfL+QcuEsRbYFKEKdccDg0oG2CRJCjuRRvA9hW1vfJ357QfURobBHU0idH0YBXIoBVAqNXtiEFK/XLGrdg6+TJwZqbAZGv3yd28QitjHgIQCY7qOHZGbgCYpFE5LvdhgBGIMI+ymNAAfjZvkz075SWyAQh6h5lLxXMS/Gwn4xkx8L530ge7NopeJ/3ndmIYXbiKDKCYMRBZEUmEeZISWaQvIB1IjEWSfI5cBF6CBCLXkIEQqxmktc0dBKTd5nEzTjpzFRpZJ66zq1KqXt7VK/WrWVpEdsWN2yhx2zurshjVYkwkm2TN7Ya/Wk/VmvVsfv6MFa7ZzyOZgff4ASfOcCg==</latexit>

=

<latexit sha1_base64="jcrpBU2KYoLOuhVc1gSc7XZ2Cms=">AAACB3icbVDLSgNBEJyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJbQO+nEIbMPZnrFsOQDxKt+hzfx6mf4Gf6BuzEHk1inoqq7qykvUtKQbX9ZuZXVtfWN/GZha3tnd6+4f9A0YawFNkSoQt32wKCSATZIksJ2pBF8T2HLG91kfusBtZFhcEfjCF0fhoEcSAGUSvWrXrFkl+0p+DJxZqTEZqj1it/dfihiHwMSCozpOHZEbgKapFA4KXRjgxGIEQyxk9IAfDRuMn10wk9iAxTyCDWXik9F/LuRgG/M2PfSSR/o3ix6mfif14lpcOEmMohiwkBkQSQVToOM0DJtAHlfaiSC7HPkMuACNBChlhyESMU4rWTuKCjlJo/jSdqRs9jIMmmelZ1K+bJeKVWvZ23l2RE7ZqfMYeesym5ZjTWYYMie2Qt7tZ6sN+vd+vgdzVmznUM2B+vzB8XUmhk=</latexit>
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·

<latexit sha1_base64="tSC5lRVnNUETkZ/BEq9MazqKv9o=">AAACC3icbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF30olDZh/M9IphySeIV/0Ob+LVj/Az/AN31xxMYp2Kqu6uprxISUO2/WUVVlbX1jeKm6Wt7Z3dvfL+QcuEsRbYFKEKdccDg0oG2CRJCjuRRvA9hW1vfJ357QfURobBHU0idH0YBXIoBVAqNXtiEFK/XLGrdg6+TJwZqbAZGv3yd28QitjHgIQCY7qOHZGbgCYpFE5LvdhgBGIMI+ymNAAfjZvkz075SWyAQh6h5lLxXMS/Gwn4xkx8L530ge7NopeJ/3ndmIYXbiKDKCYMRBZEUmEeZISWaQvIB1IjEWSfI5cBF6CBCLXkIEQqxmktc0dBKTd5nEzTjpzFRpZJ66zq1KqXt7VK/WrWVpEdsWN2yhx2zurshjVYkwkm2TN7Ya/Wk/VmvVsfv6MFa7ZzyOZgff4ASfOcCg==</latexit>

=

<latexit sha1_base64="jcrpBU2KYoLOuhVc1gSc7XZ2Cms=">AAACB3icbVDLSgNBEJyNrxhfUY9eBoPgKexKQD0IQS8eEzAPSJbQO+nEIbMPZnrFsOQDxKt+hzfx6mf4Gf6BuzEHk1inoqq7qykvUtKQbX9ZuZXVtfWN/GZha3tnd6+4f9A0YawFNkSoQt32wKCSATZIksJ2pBF8T2HLG91kfusBtZFhcEfjCF0fhoEcSAGUSvWrXrFkl+0p+DJxZqTEZqj1it/dfihiHwMSCozpOHZEbgKapFA4KXRjgxGIEQyxk9IAfDRuMn10wk9iAxTyCDWXik9F/LuRgG/M2PfSSR/o3ix6mfif14lpcOEmMohiwkBkQSQVToOM0DJtAHlfaiSC7HPkMuACNBChlhyESMU4rWTuKCjlJo/jSdqRs9jIMmmelZ1K+bJeKVWvZ23l2RE7ZqfMYeesym5ZjTWYYMie2Qt7tZ6sN+vd+vgdzVmznUM2B+vzB8XUmhk=</latexit>

if we know the distribution at time t

we can estimate the distribution at time t+1

the probability to be in state k at time t+1 is the sum
of the probabilities to be in each state i at time t and move to k

⇡(t+1)
k =

NX

i=1

⇡(t)
i · ai,k

<latexit sha1_base64="vxnL2nNYKc4Y/eZMZbudFe125O0="></latexit>

⇡(t+1) = ⇡(t) · P

<latexit sha1_base64="m7oQSzoFtjKLOhxIP+kQK+Y/Ifc=">AAACJXicbVDLSgNBEJyN73fUowiDQVCEsCsB9SCIXjxGMDGQrNI76cQhsw9mesWw7MmPEa/6Hd5E8OQ3+Adu4h6MsU41VdXTM+VFShqy7Q+rMDE5NT0zOze/sLi0vFJcXaubMNYCayJUoW54YFDJAGskSWEj0gi+p/DK650N/Ks71EaGwSX1I3R96AayIwVQJt0UN1uRvE52aM/ZTY95fthNW6IdEq/eFEt22R6CjxMnJyWWI8t/tdqhiH0MSCgwpunYEbkJaJJCYTrfig1GIHrQxWZGA/DRuMnwGynfjg1QyCPUXCo+FPH3RAK+MX3fy5I+0K356w3E/7xmTJ1DN5FBFBMGYrCIpMLhIiO0zPpB3pYaiWDwcuQy4AI0EKGWHITIxDgrbORSUMpN7vtp1pHzt5FxUt8vO5Xy0UWldHKatzXLNtgW22EOO2An7JxVWY0J9sCe2DN7sR6tV+vNev+JFqx8Zp2NwPr8BoZfpPQ=</latexit>

Computing with uncertainty
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⇡(t+1) = ⇡(t) · P

<latexit sha1_base64="m7oQSzoFtjKLOhxIP+kQK+Y/Ifc=">AAACJXicbVDLSgNBEJyN73fUowiDQVCEsCsB9SCIXjxGMDGQrNI76cQhsw9mesWw7MmPEa/6Hd5E8OQ3+Adu4h6MsU41VdXTM+VFShqy7Q+rMDE5NT0zOze/sLi0vFJcXaubMNYCayJUoW54YFDJAGskSWEj0gi+p/DK650N/Ks71EaGwSX1I3R96AayIwVQJt0UN1uRvE52aM/ZTY95fthNW6IdEq/eFEt22R6CjxMnJyWWI8t/tdqhiH0MSCgwpunYEbkJaJJCYTrfig1GIHrQxWZGA/DRuMnwGynfjg1QyCPUXCo+FPH3RAK+MX3fy5I+0K356w3E/7xmTJ1DN5FBFBMGYrCIpMLhIiO0zPpB3pYaiWDwcuQy4AI0EKGWHITIxDgrbORSUMpN7vtp1pHzt5FxUt8vO5Xy0UWldHKatzXLNtgW22EOO2An7JxVWY0J9sCe2DN7sR6tV+vNev+JFqx8Zp2NwPr8BoZfpPQ=</latexit>

given the initial distribution we can compute the one at time t

⇡(t) = ⇡(0) · P t

<latexit sha1_base64="x84pLHnys6UxwWgr8c2USrZMF3I=">AAACJnicbVC7SgNBFJ2N7/iKWgoyGITYhF0JqIUg2lhGMImQrOHu5BoHZx/M3BXDsp0fI7b6HXYidv6Cf+BukkKNpzqcc5/Hi5Q0ZNsfVmFqemZ2bn6huLi0vLJaWltvmjDWAhsiVKG+9MCgkgE2SJLCy0gj+J7Clnd7mvutO9RGhsEFDSJ0fegH8loKoEzqlrY6kbxKKrSb8iM+4vZu2hG9kHj9irqlsl21h+CTxBmTMhuj3i19dXqhiH0MSCgwpu3YEbkJaJJCYVrsxAYjELfQx3ZGA/DRuMnwj5TvxAYo5BFqLhUfivizIwHfmIHvZZU+0I356+Xif147pusDN5FBFBMGIl9EUuFwkRFaZgEh70mNRJBfjlwGXIAGItSSgxCZGGeJ/RoKSrnJ/SDNMnL+JjJJmntVp1Y9PK+Vj0/Gac2zTbbNKsxh++yYnbE6azDBHtgTe2Yv1qP1ar1Z76PSgjXu2WC/YH1+Azt3pVA=</latexit>

if we know the distribution at time t

we can estimate the distribution at time t+1

the probability to be in state k at time t+1 is the sum
of the probabilities to be in each state i at time t and move to k

Computing with uncertainty
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Example

322 14 Measure Theory and Markov Chains

where the resulting row vector is transposed for space reasons.
For some special classes of DTMCs we can prove the existence of a limit vector

for t ! •, that is to say the probability that the system is found in a particular state
is stationary in the long run (see Section 14.4.3).

1
1/5

//

4/5

◆◆

2

2/3
��

1/3

↵↵

3

1

^^

Fig. 14.5: A DTMC

Example 14.5 (DTMC). Let us consider the DTMC in Figure 14.5. We represent the
chain algebraically by using the following matrix:

P =

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������

Now suppose that we do not know the state of the system at time t, thus we assume
the system has equal probability 1

3 of being in any of the three states. We represent
this situation with the following vector:

p(t) =
��1/3 1/3 1/3

��

Now we can calculate the state distribution at time t +1 as follows:

p(t+1) =
��1/3 1/3 1/3

��

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������
=
��3/5 8/45 2/9

��

Notice that the sum of probabilities in the result 3/5+8/45+2/9 is again 1. Obvi-
ously we can iterate this process in order to simulate the evolution of the system.

Since we have represented a Markov chain by using a transition system it is quite
natural to ask for the probability of a finite path.

Definition 14.17 (Finite path probability). Let {Xt}t2N be a DTMC and s1 · · ·sn
a finite path of its PTS (i.e., 8i. 1  i < n ) aD(si)(si+1) > 0). We define the
probability P(s1 · · ·sn) of the path s1 · · ·sn as follows:

P(s1 · · ·sn) =
n�1

’
i=1

aD(si)(si+1) =
n�1

’
i=1

asi,si+1

P =

2

4
4/5 1/5 0
0 1/3 2/3
1 0 0

3

5

<latexit sha1_base64="XNkwytDMQWbmKJGV42wQMrl8eGY="></latexit>

⇡(t) = [ 1/3 , 1/3 , 1/3 ]

<latexit sha1_base64="x2Eqr6vD1iBHjGIPoc8gDIU0xC0=">AAACLXicbVDLSgNBEJyN7/iKevQyGAQFibsaUA+C6MVjBKNCdg29YycOmX0w0yuGZb/AjxGv+h0eBPHq2T9wE3PQxLp0UdU9PV1+rKQh236zCmPjE5NT0zPF2bn5hcXS0vKFiRItsC4iFekrHwwqGWKdJCm8ijVC4Cu89DsnPf/yDrWRUXhO3Ri9ANqhbEkBlEvN0roby+t0gzYzfsgbLne2d12+NVS9ZqlsV+w++ChxBqTMBqg1S1/uTSSSAEMSCoxpOHZMXgqapFCYFd3EYAyiA21s5DSEAI2X9s/J+HpigCIeo+ZS8b6IvydSCIzpBn7eGQDdmmGvJ/7nNRJq7XupDOOEMBS9RSQV9hcZoWWeE/IbqZEIej9HLkMuQAMRaslBiFxM8uD+PApKeel9N8szcoYTGSUXOxWnWjk4q5aPjgdpTbNVtsY2mMP22BE7ZTVWZ4I9sCf2zF6sR+vVerc+floL1mBmhf2B9fkNX/6k8w==</latexit>

⇡(t+1) =?

<latexit sha1_base64="St9fdI7rGDw8PlUgcqTPjZ55Tag=">AAACF3icbVDLSgNBEJz1GeMjUY9eBoMQEcKuBNSDGPTiMYIxgWQNvWOrQ2YfzPSKYcmHiFf9Dm/i1aOf4R+4Wfeg0ToVVd1dTXmRkoZs+8Oamp6ZnZsvLBQXl5ZXSuXVtQsTxlpgS4Qq1B0PDCoZYIskKexEGsH3FLa9wcnYb9+hNjIMzmkYoevDTSCvpQBKpX651IvkZVKlHWd7xA/5Ub9csWt2Bv6XODmpsBzNfvmzdxWK2MeAhAJjuo4dkZuAJikUjoq92GAEYgA32E1pAD4aN8keH/Gt2ACFPELNpeKZiD83EvCNGfpeOukD3ZpJbyz+53Vjut53ExlEMWEgxkEkFWZBRmiZNoL8SmokgvHnyGXABWggQi05CJGKcVrRr6OglJvcD0dpR85kI3/JxW7NqdcOzuqVxnHeVoFtsE1WZQ7bYw12ypqsxQSL2SN7Ys/Wg/VivVpv36NTVr6zzn7Bev8CPrOfAQ==</latexit>
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Exercise

Principles for software composition 2018/19

Exam – July 23, 2019

[Ex. 1]

Let us consider expressions of the form e ::= n | e?e with n 2 N, whose
operational semantics is defined by the rules:

n ! n

e1 ! n1 e2 ! n2

e1?e2 ! n1 + n2

e1 ! n1 e2 ! n2

e1?e2 ! n1 ⇥ n2

1. Prove by structural induction that the operational semantics is termi-
nating.

2. Show that the operational semantics is not deterministic.

[Ex. 2]

Consider the HOFL term

t
def
= rec f. �x. if x then f x else f 0

1. Find the principal type of t.

2. Show that the term t 0 diverges operationally.

3. Find the denotational semantics of t.

[Ex. 3]

Let us consider the CCS processes

p
def
= rec x. ⌧.(x | �.nil) q

def
= rec y. ⌧.�.y + ⌧.y

1. Draw (at least in part) the LTSs of the processes p and q assuming the
usual laws r|nil = r and (r|s)|t = r|(s|t).

2. Show that p and q are not strongly bisimilar.

3. Show that p and q are weakly bisimilar.

[Ex. 4]

A printing device has three states: working, faulty, cleaning. When it is
working it remains in state working with probability 1/2 and changes state
to faulty or cleaning with equal probability. Similarly, when it is cleaning

it remains in state cleaning with probability 1/2 and changes state to faulty

or working with equal probability. When it is faulty it remains faulty with
probability 1/3 or otherwise enters the cleaning state.

1. Represent the system as a DTMC.

2. If the DTMC is ergodic, find the steady state distribution.

3. If there is a fault, what is the probability that the device will be working
after three instants of time.

P =

2

4
1/2 1/4 1/4
0 1/3 2/3
1/4 1/4 1/2

3

5
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Exercise

Principles for software composition 2018/19

Exam – July 23, 2019

[Ex. 1]

Let us consider expressions of the form e ::= n | e?e with n 2 N, whose
operational semantics is defined by the rules:

n ! n

e1 ! n1 e2 ! n2

e1?e2 ! n1 + n2

e1 ! n1 e2 ! n2

e1?e2 ! n1 ⇥ n2

1. Prove by structural induction that the operational semantics is termi-
nating.

2. Show that the operational semantics is not deterministic.

[Ex. 2]

Consider the HOFL term

t
def
= rec f. �x. if x then f x else f 0

1. Find the principal type of t.

2. Show that the term t 0 diverges operationally.

3. Find the denotational semantics of t.

[Ex. 3]

Let us consider the CCS processes

p
def
= rec x. ⌧.(x | �.nil) q

def
= rec y. ⌧.�.y + ⌧.y

1. Draw (at least in part) the LTSs of the processes p and q assuming the
usual laws r|nil = r and (r|s)|t = r|(s|t).

2. Show that p and q are not strongly bisimilar.

3. Show that p and q are weakly bisimilar.

[Ex. 4]

A printing device has three states: working, faulty, cleaning. When it is
working it remains in state working with probability 1/2 and changes state
to faulty or cleaning with equal probability. Similarly, when it is cleaning

it remains in state cleaning with probability 1/2 and changes state to faulty

or working with equal probability. When it is faulty it remains faulty with
probability 1/3 or otherwise enters the cleaning state.

1. Represent the system as a DTMC.

2. If the DTMC is ergodic, find the steady state distribution.

3. If there is a fault, what is the probability that the device will be working
after three instants of time.

P =

2

4
1/2 1/4 1/4
0 1/3 2/3
1/4 1/4 1/2
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Finite path probability

what is the probability of choosing that path?

let s1s2 · · · sn be the states traversed
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Example

322 14 Measure Theory and Markov Chains

where the resulting row vector is transposed for space reasons.
For some special classes of DTMCs we can prove the existence of a limit vector

for t ! •, that is to say the probability that the system is found in a particular state
is stationary in the long run (see Section 14.4.3).

1
1/5

//

4/5

◆◆

2

2/3
��

1/3

↵↵

3

1

^^

Fig. 14.5: A DTMC

Example 14.5 (DTMC). Let us consider the DTMC in Figure 14.5. We represent the
chain algebraically by using the following matrix:

P =

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������

Now suppose that we do not know the state of the system at time t, thus we assume
the system has equal probability 1

3 of being in any of the three states. We represent
this situation with the following vector:

p(t) =
��1/3 1/3 1/3

��

Now we can calculate the state distribution at time t +1 as follows:

p(t+1) =
��1/3 1/3 1/3

��

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������
=
��3/5 8/45 2/9

��

Notice that the sum of probabilities in the result 3/5+8/45+2/9 is again 1. Obvi-
ously we can iterate this process in order to simulate the evolution of the system.

Since we have represented a Markov chain by using a transition system it is quite
natural to ask for the probability of a finite path.

Definition 14.17 (Finite path probability). Let {Xt}t2N be a DTMC and s1 · · ·sn
a finite path of its PTS (i.e., 8i. 1  i < n ) aD(si)(si+1) > 0). We define the
probability P(s1 · · ·sn) of the path s1 · · ·sn as follows:

P(s1 · · ·sn) =
n�1

’
i=1

aD(si)(si+1) =
n�1

’
i=1

asi,si+1

P =

2

4
4/5 1/5 0
0 1/3 2/3
1 0 0
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P =
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Steady state distribution
if we let a DTMC work for long enough
can we estimate what is the probability

to find the system in a given state?

does it depend on the initial distribution?

⇡i = lim
t!1

⇡(t)
i
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if the limit exists, it should give a stationary distribution
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Ergodic DTMC
if the DTMC is ergodic

the stationary distribution exists
it is unique
it is independent from the initial state distribution

ergodic DTMC
- irreducible:

- aperiodic:

each state is reachable from any other state
(there is a path between any two nodes in the LTS)

for any state, the gcd of the lengths of all paths
from the state to itself is 1
(e.g. it is enough to have a self-loop)
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Ergodic DTMC: steady 
state distribution

it the DTMC is ergodic
how to compute the steady state distribution?

take the unique solution of the system of linear equations

⇡ = ⇡ · P

<latexit sha1_base64="s4q5eLtpcBklZ5FrQZmP7Jw7lC8=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0JqIUQtLGMYB6QXcLs5CYOmX0wczcQlrR+ha1WdmLrf1j4L86uW2jiKYbDOedy7xw/lkKjbX9apZXVtfWN8mZla3tnd6+6f9DRUaI4tHkkI9XzmQYpQmijQAm9WAELfAldf3KT+d0pKC2i8B5nMXgBG4diJDhDIw2qVTcW9Iqa1+XDCGlrUK3ZdTsHXSZOQWqkgMl/ucOIJwGEyCXTuu/YMXopUyi4hHnFTTTEjE/YGPqGhiwA7aX55XN6kmiGEY1BUSFpLsLviZQFWs8C3yQDhg960cvE/7x+gqMLLxVhnCCEPFuEQkK+SHMlTCVAh0IBIssuBypCypliiKAEZZwbMTEdVUwfzuLvl0nnrO406pd3jVrzumimTI7IMTklDjknTXJLWqRNOJmSJ/JMXqxH69V6s95/oiWrmDkkf2B9fAP3tZc5</latexit>

NX

i=1

⇡i = 1

<latexit sha1_base64="HRz4fuPEz7ekn/mBv61ogcjZhYU=">AAACCnicbVDLSgNBEJyNrxhfUcGLl8EgeAq7ElAPgaAXTxLBPCCJy+ykE5vMPpjpFcKaP/ArvOrJm3j1Jzz4L25iDppYp6Kqm64uL1JoyLY/rczC4tLySnY1t7a+sbmV396pmzDWEmoyVKFuesKAwgBqhKSgGWkQvqeg4Q0uxn7jHrTBMLihYQQdX/QD7KEUlEpufq9tYt9NsOyMbq94O0IXeZk7br5gF+0J+DxxpqTApqi6+a92N5SxDwFJJYxpOXZEnURoQqlglGvHBiIhB6IPrZQGwgfTSSb5R/wwNoJCHoHmqPhEhN8bifCNGfpeOukLujOz3lj8z2vF1DvtJBhEMUEgx4cIFUwOGakxLQZ4FzUQiXFy4BhwKbQgAo1cSJmKcdpULu3Dmf1+ntSPi06peHZdKlTOp81k2T47YEfMYSeswi5ZldWYZA/siT2zF+vRerXerPef0Yw13dllf2B9fAMYOZlu</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>
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Example

322 14 Measure Theory and Markov Chains

where the resulting row vector is transposed for space reasons.
For some special classes of DTMCs we can prove the existence of a limit vector

for t ! •, that is to say the probability that the system is found in a particular state
is stationary in the long run (see Section 14.4.3).

1
1/5

//

4/5

◆◆

2

2/3
��

1/3

↵↵

3

1

^^

Fig. 14.5: A DTMC

Example 14.5 (DTMC). Let us consider the DTMC in Figure 14.5. We represent the
chain algebraically by using the following matrix:

P =

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������

Now suppose that we do not know the state of the system at time t, thus we assume
the system has equal probability 1

3 of being in any of the three states. We represent
this situation with the following vector:

p(t) =
��1/3 1/3 1/3

��

Now we can calculate the state distribution at time t +1 as follows:

p(t+1) =
��1/3 1/3 1/3

��

������

4/5 1/5 0
0 1/3 2/3
1 0 0

������
=
��3/5 8/45 2/9

��

Notice that the sum of probabilities in the result 3/5+8/45+2/9 is again 1. Obvi-
ously we can iterate this process in order to simulate the evolution of the system.

Since we have represented a Markov chain by using a transition system it is quite
natural to ask for the probability of a finite path.

Definition 14.17 (Finite path probability). Let {Xt}t2N be a DTMC and s1 · · ·sn
a finite path of its PTS (i.e., 8i. 1  i < n ) aD(si)(si+1) > 0). We define the
probability P(s1 · · ·sn) of the path s1 · · ·sn as follows:

P(s1 · · ·sn) =
n�1

’
i=1

aD(si)(si+1) =
n�1

’
i=1

asi,si+1

P =

2

4
4/5 1/5 0
0 1/3 2/3
1 0 0

3

5

<latexit sha1_base64="XNkwytDMQWbmKJGV42wQMrl8eGY="></latexit>

8
>>>><

>>>>:

4
5⇡1 + ⇡3 = ⇡1

1
5⇡1 +

1
3⇡2 = ⇡2

2
3⇡2 = ⇡3

⇡1 + ⇡2 + ⇡3 = 1

<latexit sha1_base64="Tk5eYCrXf1Zyjj1XHDfixdSSzGQ="></latexit>

⇡ = [ 2/3 , 1/5 , 2/15 ]

<latexit sha1_base64="9ACp2vqQCV9hBjmu4e7vwrdADU4=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJAiV2CAIKpAgayiCRh2Rb0fmyCaecH7pbI0VRWj6Br6CFig7R0lPwL9gmBSRMs6OZXe3ueJEUGk3z08gtLC4tr+RXC2vrG5tbxe2dlg5jxaHJQxmqjsc0SBFAEwVK6EQKmO9JaHvDq9Rv34PSIgxucRSB67NBIPqCM0ykbpE6kaAX1HZotXLs0COHWpWTrFYrVkLcbrFkls0MdJ5YU1IiUzS6xS+nF/LYhwC5ZFrblhmhO2YKBZcwKTixhojxIRuAndCA+aDdcfbJhB7EmmFII1BUSJqJ8HtizHytR76XdPoM7/Ssl4r/eXaM/TN3LIIoRgh4ugiFhGyR5kokEQHtCQWILL0cqAgoZ4ohghKUcZ6IcZJZIcnDmv1+nrSqZatWPr+pleqX02TyZI/sk0NikVNSJ9ekQZqEkwfyRJ7Ji/FovBpvxvtPa86YzuySPzA+vgEc75oW</latexit>

8
>>>><

>>>>:

4
5⇡1 + ⇡3 = ⇡1

1
5⇡1 +

1
3⇡2 = ⇡2

2
3⇡2 = ⇡3

⇡1 + ⇡2 + ⇡3 = 1

<latexit sha1_base64="Tk5eYCrXf1Zyjj1XHDfixdSSzGQ="></latexit>

8
>>>><

>>>>:

4
5⇡1 + ⇡3 = ⇡1

1
5⇡1 +

1
3⇡2 = ⇡2

2
3⇡2 = ⇡3

⇡1 + ⇡2 + ⇡3 = 1

<latexit sha1_base64="Tk5eYCrXf1Zyjj1XHDfixdSSzGQ="></latexit>

8
>>>><

>>>>:

4
5⇡1 + ⇡3 = ⇡1

1
5⇡1 +

1
3⇡2 = ⇡2

2
3⇡2 = ⇡3

⇡1 + ⇡2 + ⇡3 = 1

<latexit sha1_base64="Tk5eYCrXf1Zyjj1XHDfixdSSzGQ="></latexit>

8
>>>><

>>>>:

4
5⇡1 + ⇡3 = ⇡1

1
5⇡1 +

1
3⇡2 = ⇡2

2
3⇡2 = ⇡3

⇡1 + ⇡2 + ⇡3 = 1

<latexit sha1_base64="Tk5eYCrXf1Zyjj1XHDfixdSSzGQ="></latexit>
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Example

P =

2

4
1/2 1/4 1/4
0 1/3 2/3
1/4 1/4 1/2

3

5

<latexit sha1_base64="fpCgoO1DbsMUwcDFy7nWe3I/E7c="></latexit>

W F C

<latexit sha1_base64="9/iaZtGB5wHDwlkQsCxNzS0Xk/w=">AAACIHicbVDLSsNAFJ34Nr6qLt0MFsWFlEQK6k4siMsK1gpNKTfTax2cTMLMjVBCf8JP8Cvc6sqduFTwX0xqFr4ODBzOuY+5J0yUtOR5b87E5NT0zOzcvLuwuLS8Ulldu7BxagS2RKxicxmCRSU1tkiSwsvEIEShwnZ40yj89i0aK2N9TsMEuxEMtLySAiiXepVdNwhxIHUGxsBwlAkhRm6bb/OT/DWCwA1Q90vT7VWqXs0bg/8lfkmqrESzV/kI+rFII9QkFFjb8b2Euvk4kkLhyA1SiwmIGxhgJ6caIrTdbHzViG+lFijmCRouFR+L+L0jg8jaYRTmlRHQtf3tFeJ/Xielq4NuJnWSEmpRLCKpcLzICiPzuJD3pUEiKH6OXGouwAARGslBiFxM8/yKPPzf1/8lF3s1v147PKtXj47LZObYBttkO8xn++yInbImazHB7tgDe2RPzr3z7Lw4r1+lE07Zs85+wHn/BOKFocM=</latexit>

W
F
C

<latexit sha1_base64="ToPgCxa0Y8aynwa1zTgw4LK3v/c=">AAACIHicbVDLSsNAFJ34Nr6qLt0MFsGFlEQEdScK4rKCfUBTys30WgcnkzBzI5TQn/AT/Aq3unInLhX8F5OahVbPYjiccx9zT5goacnz3p2p6ZnZufmFRXdpeWV1rbK+0bRxagQ2RKxi0w7BopIaGyRJYTsxCFGosBXenhV+6w6NlbG+omGC3QgGWl5LAZRLvcqeG4Q4kDoDY2A4ysTIbfEg4OfFcxYEboC6X5pur1L1at4Y/C/xS1JlJeq9ymfQj0UaoSahwNqO7yXUzceRFApHbpBaTEDcwgA7OdUQoe1m46tGfCe1QDFP0HCp+FjEnx0ZRNYOozCvjIBu7KRXiP95nZSuj7qZ1ElKqEWxiKTC8SIrjMzjQt6XBomg+DlyqbkAA0RoJAchcjHN8yvy8Cev/0ua+zX/oHZ8eVA9OS2TWWBbbJvtMp8dshN2weqswQS7Z4/siT07D86L8+q8fZdOOWXPJvsF5+MLejWiIQ==</latexit>

8
>>>><

>>>>:

1
2⇡W + 1

4⇡C = ⇡W

1
4⇡W + 1

3⇡F + 1
4⇡C = ⇡F

1
4⇡W + 2

3⇡F + 1
2⇡C = ⇡C

⇡W + ⇡F + ⇡C = 1

<latexit sha1_base64="+FeoySf08I53MgDGSM9k4MEjbl8=">AAADC3ichVJNa9tAEF0paZOqX04KvfSy1LQUDEZyHdIeCqGG0GMCdRzwGrNaj50lq5XYHQWM0E/or+i1PfVWeu2P6KH/pStFpIkd2oGF4b15b3ZmN86UtBiGvzx/Y/PO3a3te8H9Bw8fPW7t7J7YNDcChiJVqTmNuQUlNQxRooLTzABPYgWj+HxQ8aMLMFam+iMuM5gkfKHlXAqODprueE+ZgjmyggYshoXUBTeGL8vCCFUGbG 64KKKy6JUsk9MR7dArqF9DA/qSvnOnphkb72U4CVZqbshe19Dhv50O6X+terda9dasBn+tKn2nlnSuV0UBAz1r5g6YkYsz7E5b7bAb1kHXk6hJ2qSJo2nrN5ulIk9Ao1Dc2nEUuqbOFaVQ4HxzCxkX53wBY5dqnoCdFPUDlvRFbjmmNANDpaI1CNcVBU+sXSaxq0w4ntlVrgJv48Y5zt9MCqmzHEGLqhFKBXUjK4x0PwPoTBpA5NXNgUpNBTccEYykXAgH5u6rBG4f0er068lJrxv1u2+P++2D981mtskz8py8IhHZJwfkAzkiQyK80vvsffG++p/8b/53/8dlqe81mifkRvg//wB0ie+l</latexit>

⇡ = [ 8/33 , 3/11 , 16/33 ]

<latexit sha1_base64="+v0tqF1tCmT8OwsQOV+1O5htT2A=">AAACF3icbVC7TsNAEDzzDOEVoKQ5ESFRoMQmEYQCKYKGMkjkIcVWdL5swinnh+7WSJGVD+AT+ApaqOgQLSUF/4JjXEDCVKOZWe3uuKEUGk3z01hYXFpeWc2t5dc3Nre2Czu7LR1EikOTBzJQHZdpkMKHJgqU0AkVMM+V0HZHV1O/fQ9Ki8C/xXEIjseGvhgIzjCReoWiHQp6Qbs2rZUrFZse27RStqyUWKep5CQps2SmoPPEykiRZGj0Cl92P+CRBz5yybTuWmaITswUCi5hkrcjDSHjIzaEbkJ95oF24vSZCT2MNMOAhqCokDQV4fdEzDytx56bJD2Gd3rWm4r/ed0IBzUnFn4YIfh8ugiFhHSR5kokLQHtCwWIbHo5UOFTzhRDBCUo4zwRo6S2fNKHNfv9PGmdlKxq6fymWqxfZs3kyD45IEfEImekTq5JgzQJJw/kiTyTF+PReDXejPef6IKRzeyRPzA+vgGYVprR</latexit>

8
>>>><

>>>>:

1
2⇡W + 1

4⇡C = ⇡W

1
4⇡W + 1

3⇡F + 1
4⇡C = ⇡F

1
4⇡W + 2

3⇡F + 1
2⇡C = ⇡C

⇡W + ⇡F + ⇡C = 1

<latexit sha1_base64="+FeoySf08I53MgDGSM9k4MEjbl8=">AAADC3ichVJNa9tAEF0paZOqX04KvfSy1LQUDEZyHdIeCqGG0GMCdRzwGrNaj50lq5XYHQWM0E/or+i1PfVWeu2P6KH/pStFpIkd2oGF4b15b3ZmN86UtBiGvzx/Y/PO3a3te8H9Bw8fPW7t7J7YNDcChiJVqTmNuQUlNQxRooLTzABPYgWj+HxQ8aMLMFam+iMuM5gkfKHlXAqODprueE+ZgjmyggYshoXUBTeGL8vCCFUGbG 64KKKy6JUsk9MR7dArqF9DA/qSvnOnphkb72U4CVZqbshe19Dhv50O6X+terda9dasBn+tKn2nlnSuV0UBAz1r5g6YkYsz7E5b7bAb1kHXk6hJ2qSJo2nrN5ulIk9Ao1Dc2nEUuqbOFaVQ4HxzCxkX53wBY5dqnoCdFPUDlvRFbjmmNANDpaI1CNcVBU+sXSaxq0w4ntlVrgJv48Y5zt9MCqmzHEGLqhFKBXUjK4x0PwPoTBpA5NXNgUpNBTccEYykXAgH5u6rBG4f0er068lJrxv1u2+P++2D981mtskz8py8IhHZJwfkAzkiQyK80vvsffG++p/8b/53/8dlqe81mifkRvg//wB0ie+l</latexit>

8
>>>><

>>>>:

1
2⇡W + 1

4⇡C = ⇡W

1
4⇡W + 1

3⇡F + 1
4⇡C = ⇡F

1
4⇡W + 2

3⇡F + 1
2⇡C = ⇡C

⇡W + ⇡F + ⇡C = 1

<latexit sha1_base64="+FeoySf08I53MgDGSM9k4MEjbl8=">AAADC3ichVJNa9tAEF0paZOqX04KvfSy1LQUDEZyHdIeCqGG0GMCdRzwGrNaj50lq5XYHQWM0E/or+i1PfVWeu2P6KH/pStFpIkd2oGF4b15b3ZmN86UtBiGvzx/Y/PO3a3te8H9Bw8fPW7t7J7YNDcChiJVqTmNuQUlNQxRooLTzABPYgWj+HxQ8aMLMFam+iMuM5gkfKHlXAqODprueE+ZgjmyggYshoXUBTeGL8vCCFUGbG 64KKKy6JUsk9MR7dArqF9DA/qSvnOnphkb72U4CVZqbshe19Dhv50O6X+terda9dasBn+tKn2nlnSuV0UBAz1r5g6YkYsz7E5b7bAb1kHXk6hJ2qSJo2nrN5ulIk9Ao1Dc2nEUuqbOFaVQ4HxzCxkX53wBY5dqnoCdFPUDlvRFbjmmNANDpaI1CNcVBU+sXSaxq0w4ntlVrgJv48Y5zt9MCqmzHEGLqhFKBXUjK4x0PwPoTBpA5NXNgUpNBTccEYykXAgH5u6rBG4f0er068lJrxv1u2+P++2D981mtskz8py8IhHZJwfkAzkiQyK80vvsffG++p/8b/53/8dlqe81mifkRvg//wB0ie+l</latexit>

8
>>>><

>>>>:

1
2⇡W + 1

4⇡C = ⇡W

1
4⇡W + 1

3⇡F + 1
4⇡C = ⇡F

1
4⇡W + 2

3⇡F + 1
2⇡C = ⇡C

⇡W + ⇡F + ⇡C = 1

<latexit sha1_base64="+FeoySf08I53MgDGSM9k4MEjbl8=">AAADC3ichVJNa9tAEF0paZOqX04KvfSy1LQUDEZyHdIeCqGG0GMCdRzwGrNaj50lq5XYHQWM0E/or+i1PfVWeu2P6KH/pStFpIkd2oGF4b15b3ZmN86UtBiGvzx/Y/PO3a3te8H9Bw8fPW7t7J7YNDcChiJVqTmNuQUlNQxRooLTzABPYgWj+HxQ8aMLMFam+iMuM5gkfKHlXAqODprueE+ZgjmyggYshoXUBTeGL8vCCFUGbG 64KKKy6JUsk9MR7dArqF9DA/qSvnOnphkb72U4CVZqbshe19Dhv50O6X+terda9dasBn+tKn2nlnSuV0UBAz1r5g6YkYsz7E5b7bAb1kHXk6hJ2qSJo2nrN5ulIk9Ao1Dc2nEUuqbOFaVQ4HxzCxkX53wBY5dqnoCdFPUDlvRFbjmmNANDpaI1CNcVBU+sXSaxq0w4ntlVrgJv48Y5zt9MCqmzHEGLqhFKBXUjK4x0PwPoTBpA5NXNgUpNBTccEYykXAgH5u6rBG4f0er068lJrxv1u2+P++2D981mtskz8py8IhHZJwfkAzkiQyK80vvsffG++p/8b/53/8dlqe81mifkRvg//wB0ie+l</latexit>

8
>>>><

>>>>:

1
2⇡W + 1

4⇡C = ⇡W

1
4⇡W + 1

3⇡F + 1
4⇡C = ⇡F

1
4⇡W + 2

3⇡F + 1
2⇡C = ⇡C

⇡W + ⇡F + ⇡C = 1

<latexit sha1_base64="+FeoySf08I53MgDGSM9k4MEjbl8=">AAADC3ichVJNa9tAEF0paZOqX04KvfSy1LQUDEZyHdIeCqGG0GMCdRzwGrNaj50lq5XYHQWM0E/or+i1PfVWeu2P6KH/pStFpIkd2oGF4b15b3ZmN86UtBiGvzx/Y/PO3a3te8H9Bw8fPW7t7J7YNDcChiJVqTmNuQUlNQxRooLTzABPYgWj+HxQ8aMLMFam+iMuM5gkfKHlXAqODprueE+ZgjmyggYshoXUBTeGL8vCCFUGbG 64KKKy6JUsk9MR7dArqF9DA/qSvnOnphkb72U4CVZqbshe19Dhv50O6X+terda9dasBn+tKn2nlnSuV0UBAz1r5g6YkYsz7E5b7bAb1kHXk6hJ2qSJo2nrN5ulIk9Ao1Dc2nEUuqbOFaVQ4HxzCxkX53wBY5dqnoCdFPUDlvRFbjmmNANDpaI1CNcVBU+sXSaxq0w4ntlVrgJv48Y5zt9MCqmzHEGLqhFKBXUjK4x0PwPoTBpA5NXNgUpNBTccEYykXAgH5u6rBG4f0er068lJrxv1u2+P++2D981mtskz8py8IhHZJwfkAzkiQyK80vvsffG++p/8b/53/8dlqe81mifkRvg//wB0ie+l</latexit>


