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Inference rules
premises (one, none, many)

conclusion (one)

if the premises are valid, 
then the conclusion is also valid

<latexit sha1_base64="on/wbAs2shfD6hYL3kz92sSubI4="></latexit>

any variable they contain is universally quantified (implicitly)

<latexit sha1_base64="hzxIH24cJK2/ZeyybM5gHHzfmiI=">AAACFXicbVC7TsNAEDzzJrwClDQHERJVZCMElBE0lCARiBRH1vqygRPn83G3Roqs1HwCX0ELFR2ipabgX3BMCiBMNZrZ1e5MbJR05Psf3sTk1PTM7Nx8ZWFxaXmlurp24dLMCmyKVKW2FYNDJTU2SZLClrEISazwMr45HvqXd2idTPU59Q12ErjSsicFUCFF1c2wZ0HkJgrC2wy6oeim5ErKTaQH+e0gqtb8ul+Cj5NgRGpshNOo+hl2U5ElqEkocK4d+IY6OViSQuGgEmYODYgbuMJ2QTUk6Dp5GWXAtzMHlHKDlkvFSxF/buSQONdP4mIyAbp2f72h+J/Xzqh32MmlNhmhFsNDJBWWh5ywsugIeVdaJILh58il5gIsEKGVHIQoxKworVL0EfxNP04uduvBfn3/bK/WOBo1M8c22BbbYQE7YA12wk5Zkwl2zx7ZE3v2HrwX79V7+x6d8EY76+wXvPcvX6ifwg==</latexit>p1 · · · pn
q

<latexit sha1_base64="ZBV7ivGSugZROzMaeuA6ioemO1E=">AAACGnicbVC7TgJBFJ31Lb5QS5uJqLEgZNdCLY02lpoImADZ3B0uOGF2dpy5a2I2/IGf4FfYamVnbG0s/BcXpFDwVCfn3OeJjJKOfP/Tm5qemZ2bX1gsLC2vrK4V1zdqLkmtwKpIVGKvI3CopMYqSVJ4bSxCHCmsR72zgV+/Q+tkoq/o3mArhq6WHSmAciks7mVN1+E7JgzKTdFOyJW5CXX5doeDRd5JbJwqcP2wWPIr/hB8kgQjUmIjXITFr2Y7EWmMmkQ+wDUC31ArA0tSKOwXmqlDA6IHXWzkVEOMrpUN/+nz3dQBJdyg5VLxoYi/OzKInbuPo7wyBrpx495A/M9rpNQ5bmVSm5RQi8EikgqHi5ywMg8KeVtaJILB5cil5gIsEKGVHITIxTRPrpDnEYx/P0lqB5XgsHJ4eVA6OR0ls8C22DbbZwE7YifsnF2wKhPsgT2xZ/biPXqv3pv3/lM65Y16NtkfeB/fOwaf9g==</latexit>

p1, · · · , pn, q are formulas

<latexit sha1_base64="U/QlX8UDdP/KNM7uraVE6++pgEw="></latexit>

a rule instance is obtained by applying some ⇢ to p1, ..., pn, q
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Axioms

no premises

conclusion (always valid, it is a fact)

the conclusion is valid<latexit sha1_base64="dY3WNf5QOwq6hveFqukUFiNqiC0=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgTKChjJI5CElVrS+bMIp50fu1pEiKy1fQQsVHaLlPyj4F5zgAhKmGs3samfHj5U05Dif1srq2vrGZmGruL2zu7dvHxw2TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9Ic3M785Rm1kFN7TJEYvgEEo+1IAZVLXtjt9DSLtjEYJ9KbpaNq1S07ZmYMvEzcnJZaj1rW/Or1IJAGGJBQY03admLwUNEmhcFrsJAZjEEMYYDujIQRovHSefMpPEwMU8Rg1l4rPRfy9kUJgzCTws8kA6MEsejPxP6+dUP/KS2UYJ4ShmB0iqXB+yAgts0qQ96RGIpglRy5DLkADEWrJQYhMTLKOilkf7uL3y6RxXnYr5crdRal6nTdTYMfshJ0xl12yKrtlNVZngo3ZE3tmL9aj9Wq9We8/oytWvnPE/sD6+AZE2pis</latexit>

q
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Rule instances
<latexit sha1_base64="Zz3LdgAUZG1g+dFdCuLnsID9C6U="></latexit>

(prod)
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n
<latexit sha1_base64="PYpP/TCT6uH5vLJN9qbsMscklm8="></latexit>n = n0 · n1

<latexit sha1_base64="N4nPQCPZQBE9OF5nmZxgJ3kiBkA="></latexit>

(prod)
1 �! 1 1� 2 �! 3

1⌦ (1� 2) �! 3
<latexit sha1_base64="qwI7oVLEukxKg0vvmxWz+7e4nKY="></latexit>

3 = 1 · 3

<latexit sha1_base64="/zWaxQ9X6GWiIPG4LDMWJ1WJvwQ="></latexit>

(prod)
1 �! 3 1� 2 �! 5

1⌦ (1� 2) �! 15
<latexit sha1_base64="0FBvGJ/3QambcB8Sr3Ia6Mbrs+k="></latexit>

15 = 3 · 5

this is also 
an instance 
of (prod)!

an instance 
of (prod)

but it is unlikely that such premises will be valid

<latexit sha1_base64="lZTTPDK/ZOnJqWEXnB7W1lhm+1E="></latexit>

⇢ , [E0 = 1,E1 = 1� 2, n0 = 1, n1 = 3, n = 3]

<latexit sha1_base64="FTG+5WjFz8YfLtibEcWkhFHFp1Y="></latexit>

⇢ , [E0 = 1,E1 = 1� 2, n0 = 3, n1 = 5, n = 15]
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More instances
<latexit sha1_base64="Zz3LdgAUZG1g+dFdCuLnsID9C6U="></latexit>

(prod)
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n
<latexit sha1_base64="PYpP/TCT6uH5vLJN9qbsMscklm8="></latexit>n = n0 · n1

an instance 
of (prod)

<latexit sha1_base64="YzZFvA7Om1thE+EnDbE2mwBDjwI="></latexit>

(prod)
E⌦ 2 �! k E� 1 �! 3

(E⌦ 2)⌦ (E� 1) �! 3k

variables can be shared
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Logical System

A logical system is just a set of axioms and inference rules 

if an inference rule contains some variables, 
we assume all its instances are in R

<latexit sha1_base64="PwEbrGXG0HnPliIErt9B4uezRwo="></latexit>

R =

⇢

r
,
p1 · · · pn

q
, ...

�
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Derivation
Given a logical system R, a derivation in R, is written

where

a derivation is a proof tree (whose leaves are axioms)

<latexit sha1_base64="MQy0zdTNonVvEOKPsb4t6GomU/E=">AAAB/XicbVA9TwJBEN3zE/ELtbTZSEysyJ0xaEm0sUQjHwkQMrcMsGFv79ydMyGE+CtstbIztv4WC/+LdyeFgq96eW8m8+b5kZKWXPfTWVpeWV1bz23kN7e2d3YLe/t1G8ZGYE2EKjRNHywqqbFGkhQ2I4MQ+Aob/ugq9RsPaKwM9R2NI+wEMNCyLwVQIrV67XoP7LB7y++7haJbcjPwReLNSJHNUO0Wvtq9UMQBahIKrG15bkSdCRiSQuE0344tRiBGMMBWQjUEaDuTLPKUH8cWKOQRGi4Vz0T8vTGBwNpx4CeTAdDQznup+J/Xiql/0ZlIHcWEWqSHSCrMDllhZNIF8p40SARpcuRScwEGiNBIDkIkYpyUk0/68Oa/XyT105JXLpVvzoqVy1kzOXbIjtgJ89g5q7BrVmU1JljIntgze3EenVfnzXn/GV1yZjsH7A+cj2+FSpVw</latexit>

d �R q

<latexit sha1_base64="yFtSUcnVs3xJZQg39a3Tw1B9xbA=">AAADDnicbVHLbtRAEBybV1ge2cAJcWmxRkqkyFpHIiAhpAguHEPEbiLtrKzZcXs9ij12ZtoRwVqJT+AruMKJG+LKL3DgXxhvjPJiTqXqrunq6lmVK0vD4W/Pv3b9xs1bK7d7d+7eu7/aX3swtmVtJI5kmZfmYCYs5krjiBTleFAZFMUsx/3Z4Zu2vn+MxqpSv6eTCqeFmGuVKinIUfGa96jhNu3xGc6VbhRhoT7iosdbBKgoQw NB8mqdp0bIhh/VIlk0R4sNrjTsBaAsCA3igyoLKFMI9oKXnbZc6niOKXXiJI42wzDcTGLdfsGNmme0EUDqWm1ZICRo1PHSl3XaOOLjRNgs3oPqTHmO0wFwPnlW0RRsLTOgTBAE3bB/kup02EW/SqdoUEsEU+fYGQ97HHVyFsEi7g+G4XD54CqIOjBg3duN+394Usq6QE0yF9ZOoqEz1whDSuZtqLXFSshDMceJg1oUaKfN8oYLeFpbQSVULm+Vw5LE84pGFNaeFDPXWQjK7OVaS/6vNqkpfTFtlK5qciu3g0i5pdtBVrrAXRKQKINEonWOLh2Qwggidw4QUjqydlfpuTyiy9tfBeOtMNoOt99tDXZed8mssMfsCVtnEXvOdthbtstGTHqfvC/eV++b/9n/7v/wf562+l6necguPP/XX1XD8mQ=</latexit>

• either d = ( q ) 2 R is an axiom of R;

• or d =
⇣

d1,...,dn

q

⌘
for some derivations d1 �R p1, ..., dn �R pn

such that (p1,...,pn

q ) 2 R is an inference rule of R.
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Example

<latexit sha1_base64="RI25z+fqXIemJbNJeKrC9N3tR2U="></latexit>

d =

<latexit sha1_base64="LyHC1ZNdr7dz0W5jRQhz15zf3rM="></latexit>

R =

⇢

✏ 2 L ,
S 2 L

( S ) 2 L ,
S0 2 L S1 2 L

S0 S1 2 L

�

<latexit sha1_base64="TtkmOEPZUYqCfPLkHMYT76IbUGE="></latexit>

S ::= ✏ | ( S ) | S S

<latexit sha1_base64="nF7Gb2qiTX7tpRUkWK2FlvOBIGY="></latexit>

✏ 2 L

<latexit sha1_base64="nF7Gb2qiTX7tpRUkWK2FlvOBIGY="></latexit>

✏ 2 L

<latexit sha1_base64="LNCnGLGV1zeslxcWSCrkxiWUarw="></latexit>

() 2 L

<latexit sha1_base64="LNCnGLGV1zeslxcWSCrkxiWUarw="></latexit>

() 2 L
<latexit sha1_base64="UmKszdl/3NMRQfHs1zamqv+he/o="></latexit>

(()) 2 L
<latexit sha1_base64="9Xd6TS5Rx1EUSiK2aBD3P4jUmJc="></latexit>

()(()) 2 L
<latexit sha1_base64="ocZ+nc2ZH94CDvJBzM8/wwI++mQ="></latexit>

(()(())) 2 L

<latexit sha1_base64="8ZpIn4ZtiBuZ0JdSVmsT9OnobpI="></latexit>

d �R (()(())) 2 L
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Example

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="RI25z+fqXIemJbNJeKrC9N3tR2U="></latexit>

d =

<latexit sha1_base64="1QEjzEhwoRVfu73G7EJ2paiNvqE="></latexit>

d �R (1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="JYSpTJVdxVWeopcv3KkF+0YC9w8=">AAAEI3iczVJLaxRBEO6d8RHHV6JHL42LICjLTBT1EgmK4EmiuElge1l6emo2TXq6J901icvQP8df400E8eB/sXd2kWQj+DhZly6q6quv6uvKayUdpum3XhRfuHjp8tqV5Oq16zdurm/c2nWmsQKGwihj93PuQEkNQ5SoYL+2wKtcwV5++HKe3zsG66TR73FWw7jiUy1LKTiG0GSj9/VdspUwBSWyNmGl5SJp2VHDCx/eiuOBK9 s3nimjp1ZOD5Bba04oQ/iAHXubqwZ8q71/+BO+hL3yk/T3wEnqk46QnsJlf4DLvF/hMrVq3N+2SekD2jX7D+ZHWcE/LMBEYXCxRMK6YuYn6/10kHZGzzvZ0umTpe2EU3jECiOaCjQKxZ0bZWmN45ZblEJB6Nw4qLk45FMYBVfzMOu47Wbx9F7jOBpag6VS0S4IpxEtr5ybVXmo7LZbzc2Dv8qNGiyfjVup6wZBizkRSgUdkRNWhtsGWkgLiHw+OVCpqeCWI4KVlAsRgk049jOEDituZzbcONNwIkxVcV20rIASjvziTyyoluWNVEXwKDsOMljJ9TRwMxNYabvlg9xB5mxV1PPO7uYgezJI3z7ub79YCr5G7pC75D7JyFOyTV6THTIkInoeFVEV6fhj/Cn+HH9ZlEa9JeY2OWPx9x9O9mxL</latexit>

R =

⇢

N �! n
,
E0 �! n0 E1 �! n1

E0 � E1 �! n0 + n1
,
E0 �! n0 E1 �! n1

E0 ⌦ E1 �! n0 · n1

�
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Theorems
Given a logical system R, a theorem of R is written

where q is a formula such that  
we can find a derivation for q in R

<latexit sha1_base64="D1eZhtKeLOYaYWWcMdEW6S1LAtc="></latexit>

The set of all theorems of R is denoted by IR

<latexit sha1_base64="kwLgoNfw9WdUz5bxqX5ZjO0a3cI="></latexit>�R q
<latexit sha1_base64="IKi6R8JHnjqWXSvy1RQkNUxx1C4="></latexit>

9d. d �R q

<latexit sha1_base64="s3qTYaIJZcqHpL204N880RxOXbo="></latexit>

IR
M
= { q | �R q }
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Inline notation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="RI25z+fqXIemJbNJeKrC9N3tR2U="></latexit>

d =

<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE=">AAACr3icbVBNbxMxEHWWrxK+UjhysYiQ2ku0m1bABamCC8cikaZSHILXO9la9dqLPW6JLP9B/gH/giuccJaAaMqc3rx5ozfzylZJh3n+rZfduHnr9p2du/179x88fDTYfXzijLcCJsIoY09L7kBJDROUqOC0tcCbUsG0PH+7nk8vwDpp9AdctTBveK3lUgqOiVoMqj3WcDxzy1BEZlrl3Z9+HPeZQdmA+ys52JIcxv0+U0bXVt ZnyK01l32G8AW7u0KpPMQwLuJiMMxHeVf0Oig2YEg2dbzY7R2wygjfgEahuHOzIm9xHrhFKRTEPvMOWi7OeQ2zBDVPZ85DZxvpc+84GtqCpVLRjoR/NwJvnFs1ZVJ2j2zP1uT/ZjOPy1fzIHXrEbRYG6FU0Bk5YWXKGWglLSDy9eVApaaCW44IVlIuRCJ9Cv6KocOG25Wt0lMaLoVpGq6rwCpYwucYuqgtqMBKL1WVEGUXKQYrua6TNzPJlYbXMcZ+irnYDvU6OBmPihej/P3h8OjNJvAd8pQ8I3ukIC/JEXlHjsmECPKVfCc/yM+syKbZx+zTb2nW2+w8IVcqk78AATTbCQ==</latexit>

(1� 2)⌦ (3� 4) �! 21
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

-
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7,
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7,,
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

-
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7,
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

-
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

-
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

- <latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4,
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

- <latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

- <latexit sha1_base64="ZlAh8eAL4HvBpUX758R0xtmwMJs="></latexit>⇤
nothing left to prove

goal oriented 
derivation
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Backtracking
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE=">AAACr3icbVBNbxMxEHWWrxK+UjhysYiQ2ku0m1bABamCC8cikaZSHILXO9la9dqLPW6JLP9B/gH/giuccJaAaMqc3rx5ozfzylZJh3n+rZfduHnr9p2du/179x88fDTYfXzijLcCJsIoY09L7kBJDROUqOC0tcCbUsG0PH+7nk8vwDpp9AdctTBveK3lUgqOiVoMqj3WcDxzy1BEZlrl3Z9+HPeZQdmA+ys52JIcxv0+U0bXVt ZnyK01l32G8AW7u0KpPMQwLuJiMMxHeVf0Oig2YEg2dbzY7R2wygjfgEahuHOzIm9xHrhFKRTEPvMOWi7OeQ2zBDVPZ85DZxvpc+84GtqCpVLRjoR/NwJvnFs1ZVJ2j2zP1uT/ZjOPy1fzIHXrEbRYG6FU0Bk5YWXKGWglLSDy9eVApaaCW44IVlIuRCJ9Cv6KocOG25Wt0lMaLoVpGq6rwCpYwucYuqgtqMBKL1WVEGUXKQYrua6TNzPJlYbXMcZ+irnYDvU6OBmPihej/P3h8OjNJvAd8pQ8I3ukIC/JEXlHjsmECPKVfCc/yM+syKbZx+zTb2nW2+w8IVcqk78AATTbCQ==</latexit>

(1� 2)⌦ (3� 4) �! 21

fail! need to backtrack to the last choice and retry

goal oriented 
derivation 
(depth-first)

<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

- ,
<latexit sha1_base64="KsHc4Vdit/kl7OhT0IkK7Ovxi50="></latexit>

(1� 2) �! 7
<latexit sha1_base64="hzLjmW4W51M9/WDZk/PTx7F/Tmg="></latexit>

(3� 4) �! 3
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1 ,,
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

- <latexit sha1_base64="fKIQVotAvvTqEVHIFwF7qFa1ztg="></latexit>

2 �! 6
<latexit sha1_base64="hzLjmW4W51M9/WDZk/PTx7F/Tmg="></latexit>

(3� 4) �! 3

,
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

- <latexit sha1_base64="fKIQVotAvvTqEVHIFwF7qFa1ztg="></latexit>

2 �! 6
<latexit sha1_base64="hzLjmW4W51M9/WDZk/PTx7F/Tmg="></latexit>

(3� 4) �! 3

,,
<latexit sha1_base64="LtIMHqdtYYSTz51Ohsv/g3ftlKs="></latexit>

-
<latexit sha1_base64="hzLjmW4W51M9/WDZk/PTx7F/Tmg="></latexit>

(3� 4) �! 3
<latexit sha1_base64="4TfKHUKRi6+o/0NBz+U5lFSIkvg="></latexit>

1 �! 2
<latexit sha1_base64="HMAiAC94xzsdvBzRqfxuhB4gVhI="></latexit>

2 �! 5

fail! need to backtrack to the last choice and retry
…

alternatively, all possibilities can be explored in parallel 
(breadth-first vs depth-first)
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PROLOG
Prolog is a simple, yet powerful declarative programming 
language, based on first-order predicate logic

PROgrammation en LOGique

[’70] (Univ. Marseilles) A. Colmerauer, P. Roussel, R. Kowalski
(aimed at processing natural (French) language)

paradigm; moreover Alain did not yet see how to do without Q-systems as far
as natural language analysis was concerned.

After the departure of Robert, Alain ultimately found a way of developing
powerful analyzers. He associated a binary predicate N(x, y) with each non-
terminal symbol N of the grammar, signifying that x and y are terminal strings
for which the string u defined by x = uy exists and can be derived from N .
By representing x and y by lists, each grammar rule can then be encoded by a
clause having exactly the same number of literals as occurrences of non-terminal
symbols. It was thus possible to do without list concatenation. (This technique
is now known as the difference lists technique). Alain also introduced additional
parameters into each non-terminal to propagate and compute information. As
in Q-systems, the analyzer not only verified that the sentence is correct but
also extracted a formula representing the information that it contains. Nothing
now stood in the way of the creation of a man-machine communication system
entirely in ’logic‘

A draconian decision was made: at the cost of incompleteness, we chose linear
resolution with unification only between the heads of clauses. Without knowing
it, we had discovered the strategy which is complete when only Horn clauses
are used. Robert Kowalski [25] demonstrated this point later and together with
Maarten van Emden he would go on to define the modern fixed point semantics
of Horn clause programming [26].

During the fall of 1972, the first Prolog system was implemented by Philippe
in Niklaus Wirt’s language Algol-W; in parallel, Alain and Robert Pasero created
the eagerly awaited man-machine communication system in French [13]. There
was constant interaction between Philippe, who was implementing Prolog, and
Alain and Robert Pasero, who programmed in a language which was being
created step by step. This preliminary version of Prolog is described in detail
in Part III of this paper. It was also at this time that the language received its
definitive name following a suggestion from Philippe’s wife based on keywords
which had been given to her.

The man-machine communication system was the first large Prolog program
ever to be written [13]. It had 610 clauses: Alain wrote 334 of them, mainly
the analysis part; Robert Pasero 162, the purely deductive part, and Henry
Kanoui wrote a French morphology in 104 clauses, which makes possible the
link between the singular and plural of all common nouns and all verbs, even
irregular ones, in the third person singular present tense. Here is an example of
a text submitted to the man-machine communication system in 1972:
Every psychiatrist is a person.
Every person he analyzes is sick.
Jacques is a psychiatrist in Marseille.
Is Jacques a person?
Where is Jacques?
Is Jacques sick?

and here are the answers obtained for the three questions at the end:
Yes. In Marseille.
I don’t know.

6
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6

The original text followed by the three answers was in fact as follows:
TOUT PSYCHIATRE EST UNE PERSONNE.
CHAQUE PERSONNE QU’IL ANALYSE, EST MALADE.
JACQUES EST UN PSYCHIATRE A *MARSEILLE.
EST-CE QUE *JACQUES EST UNE PERSONNE?
OU EST *JACQUES?
EST-CE QUE *JACQUES EST MALADE?
OUI. A MARSEILLE. JE NE SAIS PAS.

All the inferences were made from pronouns (he, she, they, etc.), articles (the,
a, every, etc.), subjects and complement structures with or without prepositions
(from, to, etc.). In fact, the system knew only about pronouns, articles and
prepositions (the vocabulary was encoded by 164 clauses), it recognized proper
nouns from the mandatory asterisk which had to precede them as well as the
verbs and common nouns on the basis of the 104 clauses for French morphology.

In November, together with Robert Pasero, we undertook an extensive tour
of the American research laboratories after a visit in Edinburgh. We took with
us a preliminary report on our natural language communication system and our
very first Prolog. We left copies of the report almost everywhere. Jacques Cohen
welcomed us in Boston and introduced us at MIT, where we received a warm
welcome and talked with Minsky, Charniak, Hewitt and Winograd. We also
visited Woods at BBN. We then went to Stanford, visited the SRI and John
McCarthy’s AI laboratory, met Cordell Green, presented our work to a very
critical J. Feldman and spent Thanksgiving at Robert Floyd’s home.

2.3 1973: The final Prolog

At the beginning of the year or, to be exact, in April, our group attained official
status. The CNRS recognized us as an ‘associated research team’ entitled ‘Man-
machine dialogue in natural language’ and provided financial support in the
amount of 39,000 FF (about $6,500) for the first year. This sum should be
compared to the 316,880 FF (about $50,000) we received in October from IRIA
to renew the contract for ‘man-machine communication in natural language with
automated deduction’ for a period of two and a half years.

Users of the preliminary version of Prolog at the laboratory had now done
sufficient programming for their experience to serve as the basis for a second
version of Prolog, a version firmly oriented toward a programming language and
not just a kind of automated deductive system. Besides the communication
system in French in 1972, two other applications had been developed using this
initial version of Prolog: a symbolic computation system [3, 4, 22] and a general
problem-solving system called Sugiton [21]. Also, Robert Pasero continued to
use it for his work on French semantics, leading to the successful completion of
his thesis in May [32].

Between February and April 1973, at the invitation of Robert Kowalski,
Philippe visited the School of Artificial Intelligence at the University of Edin-
burgh, which was within the Department of Computational Logic directed by
Bernard Meltzer. Besides the many discussions with the latter and with David
Warren, Philippe also met Roger Boyer and Jay Moore. They had constructed
an implementation of resolution using an extremely ingenious method based on

7
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Algorithm
algorithm = logic + control

The term ‘logic’ in this equation indicates the descriptive component of the algorithm, that
is, the description of the problem; the term ‘control’ indicates the component that tries to
find a solution, taking the description of the problem as a point of departure. So, the logic
component defines what the algorithm is supposed to do; the control component indicates
how it should be done.

A specific problem is described in terms of relevant objects and relations between objects,
which are then represented in the clausal form of logic, a restricted form of first-order predicate
logic. The logic component for a specific problem is generally called a logic program. The
control component employs logical deduction or reasoning for deriving new facts from the
logic program, thus solving the given problem; one speaks of the deduction method. The
deduction method is assumed to be quite general, in the sense that it is capable of dealing
with any logic program respecting the clausal form syntax.

The splitting of an algorithm into a logic component and a control component has a
number of advantages:

• The two components may be developed separately from each other. For example, when
describing the problem we do not have to be familiar with how the control compo-
nent operates on the resulting description; knowledge of the declarative reading of the
problem specification su�ces.

• A logic component may be developed using a method of stepwise refinement; we have
only to watch over the correctness of the specification.

• Changes to the control component a↵ect (under certain conditions) only the e�ciency
of the algorithm; they do not influence the solutions produced.

An environment for logic programming o↵ers the programmer a deduction method, so that
only the logic program has to be developed for the problem at hand.

3 Programming in PROLOG

The programming language PROLOG can be considered to be a first step towards the practi-
cal realization of logic programming; as we will see in below, however, the separation between
logic and control has not been completely realized in this language. Figure 1 shows the re-
lation between PROLOG and the idea of logic programming discussed above. A PROLOG
system consists of two components: a PROLOG database and a PROLOG interpreter.

A PROLOG program, essentially a logic program consisting of Horn clauses (which how-
ever may contain some directives for controlling the inference method), is entered into the
PROLOG database by the programmer. The PROLOG interpreter o↵ers a deduction method,
which is based on a technique called SLD resolution (See [3] for details).

Solving a problem in PROLOG starts with discerning the objects that are relevant to the
particular problem, and the relationships that exist between them.

Example. In a problem concerning sets, we for instance take constants as separate objects
and the set as a whole as another object; a relevant relation between constants and sets is
the membership relation. 3

3

what
(problem description)

how
(steps to reach a solution)

Horn clauses resolution

PROLOG 
database

PROLOG 
interpreter
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Formulas
<latexit sha1_base64="3NjhOspgKt0rN3PbX7ka3e81+uo="></latexit>

X = {x, y, ...} a set of variables
<latexit sha1_base64="PbLKjmdqJWMoa+BgX4QXYakikJU="></latexit>

⌃ = {⌃n}n a signature of function symbols c, f, g, ...
<latexit sha1_base64="Cnt6RkMwXYlNRzxdJfFEs+b6DNo="></latexit>

⇧ = {⇧n}n a signature of predicate symbols p, q, ...

<latexit sha1_base64="Fmdemg8wBRTjQwAwb1mxKvPUjmQ="></latexit>

p 2 ⇧n
<latexit sha1_base64="jHRP7SVFbKmr316Jn5f6vYg6fz0="></latexit>

t1, ..., tn 2 T⌃,X
atomic formula

<latexit sha1_base64="nfGnCyh/rQ+caHbj/+nEbHevkqo="></latexit>

a = p(t1, ..., tn)

formula <latexit sha1_base64="aVM7fkZ8AYY4wr3JkHnzfUOGEj4="></latexit>a1, ..., an a possibly empty conjunction  
of atomic formulas
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Example

atomic formula

formula

<latexit sha1_base64="mzCHtVLdbq8Xx3HaTBSAT/IuACQ="></latexit>

X = {S, S0, S1, ...} a set of variables

<latexit sha1_base64="vb+94t1F0GSrNWDGwRoSuL++7FI="></latexit>

⇧1 = { 2 L} a unary predicate symbol

<latexit sha1_base64="rrAfCi47lMxAnQPg444SmwovdWk="></latexit>

⌃2 = { } a binary (infix) operator

<latexit sha1_base64="Zl9PAELLIZuJJTrraWqO2OaOJLY="></latexit>

⌃0 = {✏, (, )} a set of constants

<latexit sha1_base64="GjNHLyTWjkakg4/Z+c38Odtw5n0="></latexit>

S) 2 L

<latexit sha1_base64="jsRb9nLxlfH6qr3dXV6wHlpTrGM="></latexit>

S) 2 L, SS)) 2 L
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Example

atomic formula

formula

<latexit sha1_base64="F0eOmdbeCO8UgPbkkh+hJYzZ1nA="></latexit>

⌃0 = {0, 1, 2, ..., 0, 1, 2, ...} a set of constants

<latexit sha1_base64="orVaIQbnsIMyCgPAK5zB/Gvj7/U="></latexit>

X = {N,E,E0,E1, ..., n, n0, n1, ...} a set of variables

<latexit sha1_base64="+nmejuRb0AW5ybEdIY5OpTOlka8="></latexit>

⌃2 = { � , ⌦ } a set of binary (infix) operators

<latexit sha1_base64="88txo3fmmgUBVByPKG5XshULFvU="></latexit>

E� 2 �! 5,E⌦ 7 �! n

<latexit sha1_base64="FrzMdozoyQEK4H4APx8dyRf4SUs="></latexit>

E� 2 �! 5

<latexit sha1_base64="ekX7vLKqkAgGeGDz47rKe59hK2U="></latexit>

⇧2 = { �! } a binary (infix) predicate symbol
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Logic programs

Horn clause

logic program L

an atomic formula 
(the HEAD)

a formula 
(the BODY)

<latexit sha1_base64="Xq39xG6ZSVX0eXAX16cI9B7nmIo="></latexit>a :� a1, ..., an
<latexit sha1_base64="LPtK6GOWjuIf3LnJpBKrwvxXoXI="></latexit>a1 · · · an

a
analogous to

a set (or list) of Horn clauses

<latexit sha1_base64="sGYcHTJeUy41mBp3Ug7gxXLyGzY="></latexit>

h :� r

<latexit sha1_base64="4KhV5jkdstzCGnqQ88lY8iXjoI8="></latexit>

L =

8
<

:

· · ·
h :� r.
· · ·

9
=

;
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Applications
a logic program serves to answer the following question: 
given a formula g that we want to prove, 
what are the valid instances of g?

<latexit sha1_base64="SoywyWAOnyc0NQgV+T+3LXf0pBs="></latexit>

(1� 2)⌦ (3� 4) �! n ,
<latexit sha1_base64="m0kTA3ZkZu0uqF7nCJ5pap8TQ3E="></latexit>

?�
<latexit sha1_base64="di43VdPOM12C43ePcV7lDTxLRak="></latexit>

n� E �! 26
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SLD resolution
Idea: iteratively reduce the initial goal g 
by applying one of the Horn clauses in L 
to one of the atomic formulas in the goal; 

each application computes a most general unifier (mgu), 
replaces the selected formula with the body of the 
selected clause and applies the mgu to the new goal

<latexit sha1_base64="Mk9M3uITR+0BLXjCeUmwCoShGeo="></latexit>

?� g -�1 g1
-�2 g2
-�3 · · ·
-�m ⇤

<latexit sha1_base64="rltv3f5Ejji+B4ub2u0z7WqNWks="></latexit>

then g�1�2...�m is a theorem
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SLD resolution
<latexit sha1_base64="oLM13XhmZXiW4x7dumB1a38rr3Y="></latexit>

h :� b1, ..., bn
<latexit sha1_base64="pBXbp+gLyaPzRjsL2fpSlvpOBj8="></latexit>

?� a1, ..., ai, ..., ak

<latexit sha1_base64="BrNKdqyZXBqzEaVOgjaqyIt8sho="></latexit>...

<latexit sha1_base64="BrNKdqyZXBqzEaVOgjaqyIt8sho="></latexit>...

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L

<latexit sha1_base64="/7IXRrZ9N7kUNeUhdtnIlNSr/vs="></latexit>

repeat the following until no goal is left:

1. select a clause of the goal ai (e.g., the first);

2. select a Horn clause h :� b1, ..., bn in L whose head unifies with ai;

3. let � be a most general unifier (ai� = h�);

4. replace ai with b1, ..., bn;

5. apply the computed substitution � to the goal (a1, ..., b1, ..., bn, ..., ak)�
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Pay attention
atomic goals can share variables: the substitution must 
be applied to all of them to propagate the information

<latexit sha1_base64="K0nrQuMXJk4U1wafyOvLRx/yihk="></latexit>

(a1, ..., b1, ..., bn, ..., ak)�
<latexit sha1_base64="xJW4FVx2+cbhcUlFCMgUoqRm6yY="></latexit>

a1, ..., (b1, ..., bn)�, ..., ak
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Pay attention
the same clause can be reused many times:  
each time its variables must be renamed (before unification) 
with fresh identifiers to avoid clashes

<latexit sha1_base64="WHMvq5kYU6lJhv2LzbzKrhmJm+U="></latexit>

repeat the following until no goal is left:

1. select a clause of the goal ai (e.g., the first);

2. select a Horn clause h :� b1, ..., bn in L;

3. let ⇢ : X ! X rename the variables in vars(h :� b1, ..., bn) to fresh ones;

4. (h :� b1, ..., bn)⇢ is called a variant of the original clause;

5. let � be a most general unifier (ai� = (h⇢)�);

6. replace ai with (b1, ..., bn)⇢;

7. apply the computed substitution � to the goal (a1, ..., (b1, ..., bn)⇢, ..., ak)�
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Pay attention
in the computed substitutions, only the variables that 
appears in the goal are of some interest to us

<latexit sha1_base64="biQamoQW3Uq1FNnUNjx/897wPIc="></latexit>

�|Y (x)
M
=

⇢
�(x) if x 2 Y
x otherwise

<latexit sha1_base64="mXHHLy9vg0RXv9XKRxq8QGny21o="></latexit>

� : X ! T⌃,X

<latexit sha1_base64="6NZLad9mL8/aflKar4g98pRbuMU="></latexit>

Y ✓ X

<latexit sha1_base64="9LmNBcCC50+ffQsDJuY5oK0Wlew="></latexit>

a1, ..., ai, ..., ak -b� (a1, ..., (b1, ..., bn)⇢, ..., ak)�

we only record this partial information

<latexit sha1_base64="yYvZRQIWS+5K6w8W0RwU7CNpB6k="></latexit>

b� M
= �|vars(a1,...,ak)
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Computed answer 
substitution

<latexit sha1_base64="fkNyRSdceR4zKoPZuiIep8125Uw="></latexit>

?� g -b�1 g1
-b�2 g2
-b�3 · · ·
-b�m ⇤

<latexit sha1_base64="xiMtTwu0/gRxM1RH22s7oQyAW0E="></latexit>

� = b�1 · b�2 · b�3 · · · b�m

is called cas (computed answer substitution)

<latexit sha1_base64="6mtmz++KLA/eBppmvt7PvDGaI/M="></latexit>

t(�1 · �2)
M
= t�1�2 = �2(�1(t)) = (�2 � �1)(t)

where
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Example
<latexit sha1_base64="fGz0TY7YF1swMfpehH0jawOrtdo="></latexit>

⇧3 = {sum, ...}
<latexit sha1_base64="bf7XY0uzXUNpXEnrnPfXfWCpCWk="></latexit>

⌃0 = {0, ...}
<latexit sha1_base64="dx9diQrk7SC9MQ5dsqSbt9dJ2VQ="></latexit>

⌃1 = {s, ...}

sum as a predicate
<latexit sha1_base64="RmsaGisYVz7U6wPvTfjRiKwCY88="></latexit>

sum(x, y, z)
<latexit sha1_base64="mtAnQHdvFCZiW5FjmL745yGWzIU="></latexit>

x+ y = zmeans

<latexit sha1_base64="jTbsJUIZHSNXGCiIWIShpYFEjqI="></latexit>

sum(0, y, y).

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L
(a fact)

in PROLOG 
each statement 
ends with dot

<latexit sha1_base64="I//7BCw1/TjpgnrHhdjV+3EaJJI="></latexit>

sum(s(x), y, s(z)) :� sum(x, y, z).
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Structural recursion
the previous definition is an example of structural recursion

(over 8 answers)

Structural recursion

13%

13%

38%

38%

5 stelle 4 stelle 3 stelle
2 stelle 1 stella
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2+2=?
<latexit sha1_base64="0/93kwAExfbDlV4QYdGmP6Uk7j8="></latexit>

?� sum(s(s(0)), s(s(0)), n).our goal

<latexit sha1_base64="o4OyjPxbA1rNqa/jfzFm9iOPakg="></latexit>

{sum(s(s(0)), s(s(0)), n)
?
= sum(0, y0, y0)} fails

succeeds

<latexit sha1_base64="jTbsJUIZHSNXGCiIWIShpYFEjqI="></latexit>

sum(0, y, y).

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L

<latexit sha1_base64="I//7BCw1/TjpgnrHhdjV+3EaJJI="></latexit>

sum(s(x), y, s(z)) :� sum(x, y, z).

<latexit sha1_base64="FI2fmmf1jMTP2EOGI8YsXgYu5dI="></latexit>

{sum(s(s(0)), s(s(0)), n)
?
= sum(s(x1), y1, s(z1))}

<latexit sha1_base64="byfk11CLFSHnlIOZyw2z3r7tSog="></latexit>

�1 = [x1 = s(0) , y1 = s(s(0)) , n = s(z1)]
<latexit sha1_base64="04x8CsDGc+yR2nL1uwKQcICxb3E="></latexit>

b�1 = [n = s(z1)]

<latexit sha1_base64="VEaL7KMK2aUQ3q5q0iPFtfh1OC0="></latexit>

= sum(s(0), s(s(0)), z1)

<latexit sha1_base64="thFvLwdGkY0d24gHQ7vc6g81OS4="></latexit>

sum(s(s(0)), s(s(0)), n)
<latexit sha1_base64="/DJNgB7IR+lZYIscBj9bUvMqE80="></latexit>

-b�1 ( sum(x1, y1, z1) )�1

<latexit sha1_base64="04x8CsDGc+yR2nL1uwKQcICxb3E="></latexit>

b�1 = [n = s(z1)]



<latexit sha1_base64="thFvLwdGkY0d24gHQ7vc6g81OS4="></latexit>

sum(s(s(0)), s(s(0)), n)
<latexit sha1_base64="BHD9ybIwi+6mAqdthAQc6VBwoZo="></latexit>

-b�1 sum(s(0), s(s(0)), z1)

<latexit sha1_base64="04x8CsDGc+yR2nL1uwKQcICxb3E="></latexit>

b�1 = [n = s(z1)]
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1+2=?
our new 
goal

fails

succeeds

<latexit sha1_base64="0fmVMq04W06NlWv/qF7Uc2eh3OQ="></latexit>

sum(s(0), s(s(0)), z1).

<latexit sha1_base64="ESHlgdUQEE4loMEnnwtFTQZHbyQ="></latexit>

{sum(s(0), s(s(0)), z1)
?
= sum(0, y0, y0)}

<latexit sha1_base64="lhtQBqQMwZ4EJQqpR+FgVDy3pso="></latexit>

{sum(s(0), s(s(0)), z1)
?
= sum(s(x2), y2, s(z2))}

<latexit sha1_base64="jTbsJUIZHSNXGCiIWIShpYFEjqI="></latexit>

sum(0, y, y).

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L

<latexit sha1_base64="I//7BCw1/TjpgnrHhdjV+3EaJJI="></latexit>

sum(s(x), y, s(z)) :� sum(x, y, z).

<latexit sha1_base64="JGLej6Y5Tsdl8CnusQw2yWSA7kg="></latexit>

�2 = [x2 = 0 , y2 = s(s(0)) , z1 = s(z2)]
<latexit sha1_base64="1rTif4lD99TRACALkjpiutdCocE="></latexit>

b�2 = [z1 = s(z2)]

<latexit sha1_base64="Jy3QB9PmYnVAgbOiTjRbdILAL5o="></latexit>

= sum(0, s(s(0)), z2)

<latexit sha1_base64="vF+4/NpUpYkQPGviHCiz352+PM0="></latexit>

-b�2 ( sum(x2, y2, z2) )�2

<latexit sha1_base64="1rTif4lD99TRACALkjpiutdCocE="></latexit>

b�2 = [z1 = s(z2)]



<latexit sha1_base64="thFvLwdGkY0d24gHQ7vc6g81OS4="></latexit>

sum(s(s(0)), s(s(0)), n)
<latexit sha1_base64="BHD9ybIwi+6mAqdthAQc6VBwoZo="></latexit>

-b�1 sum(s(0), s(s(0)), z1)
<latexit sha1_base64="/KPxEmLkL89Vzz47duHGIkLpXGg="></latexit>

-b�2 sum(0, s(s(0)), z2)

<latexit sha1_base64="04x8CsDGc+yR2nL1uwKQcICxb3E="></latexit>

b�1 = [n = s(z1)]
<latexit sha1_base64="1rTif4lD99TRACALkjpiutdCocE="></latexit>

b�2 = [z1 = s(z2)]

3333

0+2=?
our new 
goal

<latexit sha1_base64="jTbsJUIZHSNXGCiIWIShpYFEjqI="></latexit>

sum(0, y, y).

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L

<latexit sha1_base64="I//7BCw1/TjpgnrHhdjV+3EaJJI="></latexit>

sum(s(x), y, s(z)) :� sum(x, y, z).

<latexit sha1_base64="yJA1pNdlWBUtzRt+eVqzM0nnRXI="></latexit>

sum(0, s(s(0)), z2).

<latexit sha1_base64="xDj4z4zPHQdPsMLyBAsaaDrdu+A="></latexit>

{sum(0, s(s(0)), z2)
?
= sum(0, y3, y3)} succeeds

<latexit sha1_base64="Dm0buuAFClQOyDh9Tgtm0+v3bz4="></latexit>

�3 = [y3 = s(s(0)) , z2 = s(s(0))]
<latexit sha1_base64="LR1V2/mWaSBFF45bJedG/6Qe1u8="></latexit>

b�3 = [z2 = s(s(0))]

<latexit sha1_base64="94vNFeO/ukYmUUFoY5uhEInX1w0=">AAADFHicdVFNb9QwEPWGr1K+tnDkYrFCKpdV0iLgUqmCC8cisW2lOFo5zuzWqu0Ee7JlZeVXIPFruCGucOaHcAWcNAd2t4wvL2/m5dlv8kpJh3H8cxBdu37j5q2t29t37t67/2C48/DYlbUVMBGlKu1pzh0oaWCCEhWcVha4zhWc5Odv2v7JAqyTpXmPywoyzedGzqTgGKjpULILWcAZR8+cnGveTBMmihLpBr9H/9PYpwc0ZQ sEq71pwgfLO+x2L0/8LFSTTYejeBx3RTdB0oMR6etoujP4xIpS1BoMCsWdS5O4wsxzi1IoaLZZ7aDi4pzPIQ3QcA0u810mDX1aO44lrcBSqWhHwr8Kz7VzS52HSc3xzK33WvKqXlrj7FXmpalqBCNaI5QKOiMnrAxhAy2kBUTe3hyoNFRwyzGEIikXIpB1SH/F0KHmdmmL8CgDF6LUmpvCswJm8KHxrL2FBeVZXktVBETZIsRgJTfz4M3K4Er9QdOs6btFNGmSeYbwEbsUfK5q6P/pZn6UBNWKaHGVyELRdLNhjcn60jbB8d44eTGO3z0fHb7uF7pFHpMnZJck5CU5JG/JEZkQQX6QX+Q3+RN9jr5EX6Nvl6PRoNc8IisVff8LceoD9Q==</latexit>

b�1 · b�2 · b�3 = [n = s(s(s(s(0))))]

<latexit sha1_base64="I8taZehB1nLHDE2jpHMDrkB+rt8="></latexit>

-b�3 ⇤

<latexit sha1_base64="LR1V2/mWaSBFF45bJedG/6Qe1u8="></latexit>

b�3 = [z2 = s(s(0))]

<latexit sha1_base64="vVI93ZhVeBLv+Fn6y/lZv8imwmU="></latexit>

2 + 2 = 4 !



3434

1+n=3?
our goal

fails

succeeds

<latexit sha1_base64="jTbsJUIZHSNXGCiIWIShpYFEjqI="></latexit>

sum(0, y, y).

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L

<latexit sha1_base64="I//7BCw1/TjpgnrHhdjV+3EaJJI="></latexit>

sum(s(x), y, s(z)) :� sum(x, y, z).

<latexit sha1_base64="h0SJnw3enIJowcLJGc86uRlhm9M="></latexit>

?� sum(s(0), n, s(s(s(0)))).

<latexit sha1_base64="cdjuYf74SguVf8cRrfN70dwyfdA="></latexit>

{sum(s(0), n, s(s(s(0))))
?
= sum(0, y0, y0)}

<latexit sha1_base64="nkqJsnB58r7BKkcHh0JJhDuVB0s="></latexit>

{sum(s(0), n, s(s(s(0))))
?
= sum(s(x1), y1, s(z1))}

<latexit sha1_base64="DVLnoT6Ervr9bFLgTOOR9zBdJ2Y="></latexit>

�1 = [x1 = 0 , y1 = n , z1 = s(s(0))]
<latexit sha1_base64="lvfKTGMX2Q9hruobQGawnT54+Aw="></latexit>

b�1 = [ ]

<latexit sha1_base64="Dc3cAaBz152vimxwrq6Z+du+4jw="></latexit>

sum(s(0), n, s(s(s(0))))
<latexit sha1_base64="/DJNgB7IR+lZYIscBj9bUvMqE80="></latexit>

-b�1 ( sum(x1, y1, z1) )�1

<latexit sha1_base64="lvfKTGMX2Q9hruobQGawnT54+Aw="></latexit>

b�1 = [ ]

<latexit sha1_base64="sBshfSOiBsL+nuFV/6OOANEVQUk="></latexit>

= sum(0, n, s(s(0)))
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0+n=2?
<latexit sha1_base64="jTbsJUIZHSNXGCiIWIShpYFEjqI="></latexit>

sum(0, y, y).

<latexit sha1_base64="cNn02CrpyhsMqZ6UC0Nd/jLGURk="></latexit>

L

<latexit sha1_base64="I//7BCw1/TjpgnrHhdjV+3EaJJI="></latexit>

sum(s(x), y, s(z)) :� sum(x, y, z).

<latexit sha1_base64="Dc3cAaBz152vimxwrq6Z+du+4jw="></latexit>

sum(s(0), n, s(s(s(0))))

<latexit sha1_base64="lvfKTGMX2Q9hruobQGawnT54+Aw="></latexit>

b�1 = [ ]

our new 
goal

<latexit sha1_base64="mwh+2IbVZo/TYdCyBVdeBtdl8l0="></latexit>

sum(0, n, s(s(0)))

<latexit sha1_base64="3NtpSwUAxRbnuN7fEtEK/2+iwVA="></latexit>

{sum(0, n, s(s(0)))
?
= sum(0, y2, y2)} succeeds

<latexit sha1_base64="cEUdOwsrnyWdcwYNgDihBqSlxN4="></latexit>

�2 = [y2 = s(s(0)) , n = s(s(0))]
<latexit sha1_base64="6DqibgxCriXxUG6QhY8vNV3Fmb8="></latexit>

b�2 = [n = s(s(0))]

<latexit sha1_base64="EPMpbAmbub1ivMNIwVnaq2yX0M4="></latexit>

-b�1 sum(0, n, s(s(0)))
<latexit sha1_base64="2GzmoAF+Gf0pnulcmRpIofOufZQ="></latexit>

-b�2 ⇤

<latexit sha1_base64="6DqibgxCriXxUG6QhY8vNV3Fmb8="></latexit>

b�2 = [n = s(s(0))]

<latexit sha1_base64="i24mQTKr2D5tD7RehuT8vFF/t/8=">AAAC9XicbVFNbxMxEHWWj5bylcKRi0WElF6i3aqCXipVcEGcikTaSvEq8nonqVXbu9izCZG1v4IzN8QVfg0SJ/gpeJc9kKRzen4zz89+k5VKOozjX73o1u07d3d27+3df/Dw0eP+/pNzV1RWwFgUqrCXGXegpIExSlRwWVrgOlNwkV2/afoXC7BOFuYDrkpINZ8bOZOCY6Cm/XdsKXO44uiZk3PN62nCRF4g3eIP6QmdsAWC1d 7U4cCyFruhG8YHB3U67Q/iUdwW3QZJBwakq7Ppfu8zywtRaTAoFHduksQlpp5blEJBvccqByUX13wOkwAN1+BS3366pi8qx7GgJVgqFW1J+F/huXZupbMwqTleuc1eQ97Um1Q4O069NGWFYERjhFJBa+SElSFNoLm0gMiblwOVhgpuOYY4JOVCBLIK8a4ZOtTcrmwePmVgKQqtuck9y2EGH2vPmldYUJ5llVR5QJQtQgxWcjMP3qwIrtSf1PWGvl1BPUlSzxA+YZuCz1QF3Z1u5gdJUK2JFjeJLOR1OxvWmGwubRucH46Sl6P4/dHg9HW30F3yjDwnQ5KQV+SUvCVnZEwE+UF+kt/kT7SMvkRfo2//RqNep3lK1ir6/heXofep</latexit>

b�1 · b�2 = [n = s(s(0))]

<latexit sha1_base64="7cbgtvyEkKex2xGaoBrdiBy+dW4="></latexit>

(1 + n = 3) ) n = 2 !
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Jumping creatures
Assuming that: 
1. All jumping creatures are green 
2. All small jumping creatures are Martians 
3. All green Martians are intelligent 
4. Ngtrks is small and green 
5. Pgvdrk is a jumping Martian 

Who is intelligent?

green(X) :- jumping(X) . 
martian(X) :- small(X) , jumping(X) . 
intelligent(X) :- green(X) , martian(X) . 
small(ngtrks) . 
green(ngtrks) . 
jumping(pgvdrk) . 
martian(pgvdrk).

<latexit sha1_base64="QWePBALiWIPVui92MeyGD6Q/JRc=">AAAC2nicbVFNj9MwEHXD17J8deHIxaJCWg6UZIUACSFWcOG4SHS7Uh1VjjMt1tpOsCeFyvKFG+II/Bqu8CP4NzghB9rdOT3PzJvneVPUSjpM0z+D5MLFS5ev7FzdvXb9xs1bw73bx65qrICJqFRlTwruQEkDE5So4KS2wHWhYFqcvm7r0xVYJyvzDtc15JovjVxIwTGm5sNHTHN8X9X+5cPAntPu5RZeGgSl5BIMhn22QrDaT8 MDOp4PR+k47YKeBVkPRqSPo/ne4BsrK9HoOEoo7twsS2vMPbcohYKwyxoHNRenfAmzCA3X4HLfbRbo/cZxrGgNlkpFuyT8z/BcO7fWRezsfr5da5Pn1WYNLp7lcc26QTCiFUKpoBNywspoGdBSWkDk7c+BSkMFtxyjFZJyIWKyiR5uCDrU3K5tGZcy8FFUWnNTelbCAj4E33lrQXlWNFKVEVG2ijZYyc0yarMqqlL/IoQtftHaH2ZZ7hnCJ+xc8IVqoJ8Z7zXKImuDtDqPZKEMXW88Y7Z9tLPg+GCcPRmnbx+PDl/1B90hd8k9sk8y8pQckjfkiEyIID/IT/KL/E5Y8jn5knz915oMes4dshHJ97+sdu0s</latexit>

?� intelligent(W ).

<latexit sha1_base64="KIb1re+FC8kw/dBPAvkGJSyCxQ8="></latexit>

intelligent(W )
<latexit sha1_base64="Ldpz8iYKdyTBNd46MN4pFW5z2U8="></latexit>

- green(W ) , martian(W )
<latexit sha1_base64="RptTkkb9ya643xT5hFA/Fy+vEU0="></latexit>

- jumping(W ) , martian(W )
<latexit sha1_base64="KSEd6e+wn7FUON04tNuWOmLnAKU="></latexit>

- martian(pgvdrk)
<latexit sha1_base64="rJaWaO5w2kv8Mf7JOAYDUAK+aCs="></latexit>

- ⇤ <latexit sha1_base64="JHbWVDjC3kfzDh4Hz2tCWG5Y4QQ="></latexit>

[W = pgvdrk]

<latexit sha1_base64="psSfa2hjpI4hpPfxkr3n+Xp1uj0="></latexit>

martian(ngtrks)
<latexit sha1_base64="aE1I5FIPCFZ1VKYq1tk/4LwDTsM="></latexit>

- small(ngtrks) , jumping(ngtrks)
<latexit sha1_base64="+AEWA2yV/7mN7Dge5cQ3riJeHig="></latexit>

- jumping(ngtrks)
<latexit sha1_base64="rJeowsV93ez5H+f/xpwERa0ua/I="></latexit>

fail !
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Badge exercise
A binary tree T is either empty (nil) 
or it is composed of a root value and two successors, 
which are binary trees themselves. 

T is symmetric if you can draw a vertical line through the 
root node and then the right subtree is the mirror image 
of the left subtree (we are only interested in the 
structure, values are not relevant). 

1. Given the signature below, write the Horn clauses to 
check whether one tree is the mirror image of another.  
2. Then extend the code to check if a tree is symmetric.

<latexit sha1_base64="bI8O18UgtIeWJ2rKveYf6bDlmpc="></latexit>

⌃3 = {node}
<latexit sha1_base64="KsCQuAK5R4OhdgO+2Xz6hNz8P+s="></latexit>

⇧2 = {mirror}
<latexit sha1_base64="SK6rIckjqnLgtsxCGTLD6jGE8T8="></latexit>

⇧1 = {sym}
<latexit sha1_base64="2tjnws/S8XWMMpyzIRd3x+Vc6f0="></latexit>

⌃0 = {nil, a, b, ...}
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Badge exercise
example: 
trees as terms

node( a , node( b , node( d , nil , nil ) ,  
                              nil ) ,  
               node( c , node( e , nil , nil ) ,  
                              nil ) )
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Badge exercise
an example of 
symmetric tree

and one that is 
not symmetric


