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Disclaim
t ::= x | n | t0 op t1 | if t then t0 else t1

| (t0, t1) | fst(t) | snd(t)
| �x. t | t0 t1
| rec x. t

<latexit sha1_base64="5zJ2lziptJpqI6jsnfyfAsIAp/I=">AAADGHicbVLLbtQwFHXCq4TXFJZsLEaMBgmNkqqIqhJSBRuWRWLaSpPRyHFuplYdJ7Jvqo6izAfwCXwFW1ixQ2zZseBfsEOqGTq9i+j4nHOPnWsnpRQGw/C359+4eev2na27wb37Dx4+6m0/PjJFpTmMeSELfZIwA1IoGKNACSelBpYnEo6Ts3dOPz4HbUShPuKihGnO5kpkgjO01Gzb68cJzIWqmdZs0dRayyZAOqD7+2/sN7 igMY1zkcY0UCuIs9Bhhqcmq4uyiSnOopXcKklWi8wpndOu8RRU6w1XHEgDl/1xMGgj6CAYWtNLS77YTM0MNkO8RjAqdcJ6TCztKFJGL0ZLXD/90kY736WtS9DAm6XzBjGotJtJEMx6/XAUtkU3QdSBPunqcNb7E6cFr3JQyCUzZhKFJU5tHgouoQniykDJ+Bmbw8RCxXIw07q9zYY+rwzDgpagqZC0JWG9o2a5MYs8sc72Bq5qjrxOm1SY7U1rocoKQXG3EQoJ7UaGa2GfCdBUaEBk7uRAhaKcaYYIWlDGuSUr+27cPKKrf78JjnZG0e7o1Yfd/sHbbjJb5Cl5RoYkIq/JAXlPDsmYcO+T98X76n3zP/vf/R/+z39W3+t6npD/yv/1Fyo282g=</latexit>

x : bx

<latexit sha1_base64="zyh46oCIz2aovat+EuUUe4GQLx8=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUU2CgJRIWgog0QgUhJF68smOeX80N0agizzCXwFLVR0iJZ/oOBfsEMKSJhqNLOr3RkvUtKQ43xaM7Nz8wuLhaXi8srq2rq9sXltwlgLrIlQhbrugUElA6yRJIX1SCP4nsIbb3Ce+ze3qI0Mgyu6j7DlQy+QXSmAMqltbze7GkSSFpPhSfNOdrAPlAzTtNi2S07ZGYFPE3dMSmyMatv+anZCEfsYkFBgTMN1ImoloEkKhWmxGRuMQAygh42MBuCjaSWjBCnfiw1QyCPUXCo+EvH3RgK+Mfe+l036QH0z6eXif14jpu5xK5FBFBMGIj9EUuHokBFaZtUg70iNRJB/jlwGXIAGItSSgxCZGGdd5X24k+mnyfVB2a2UDy8rpdOzcTMFtsN22T5z2RE7ZResympMsAf2xJ7Zi/VovVpv1vvP6Iw13tlif2B9fAOlVJuI</latexit>

n : int

<latexit sha1_base64="iDZtLMBJ6B5p1rsjJV7fp3Lejq0=">AAACDXicbVC7TsNAEDzzDOZloEI0JyIkqshGQSAqBA1lkMhDSqJofWzgxPls3a2RkGXxCXwFLVR0iJZvoOBfsEMKIEw1mtnV7kyYKGnJ9z+cqemZ2bn5yoK7uLS8suqtrbdsnBqBTRGr2HRCsKikxiZJUthJDEIUKmyHN6el375FY2WsL+guwX4EV1oOpQAqpIG32RsaEFnuZvqoFwFdS8qkpjx3B17Vr/kj8EkSjEmVjdEYeJ+9y1ikEWoSCqztBn5C/QwMSaEwd3upxQTEDVxht6AaIrT9bBQh5zupBYp5goZLxUci/tzIILL2LgqLyfJL+9crxf+8bkrDw34RKUkJtSgPkVQ4OmSFkUU3yC+lQSIoP0cuNRdggAiN5CBEIaZFWWUfwd/0k6S1Vwvqtf3zevX4ZNxMhW2xbbbLAnbAjtkZa7AmE+yePbIn9uw8OC/Oq/P2PTrljHc22C847195F5v8</latexit>

⌧ ::= int | ⌧0 ⇤ ⌧1 | ⌧0 ! ⌧1

<latexit sha1_base64="VYt55smhN2hCH3nWpeqTirp0GHw="></latexit>

t0 : int t1 : int

t0 op t1 : int

<latexit sha1_base64="oYo0dGk+kSYaUf0OCahqDb/f0MM=">AAACR3icbVC7TsNAEDyHd3gFKGlOREhUkY2CQFQRNJRBkBApjqz1ZQOnnB/crZGQ5Q/jE/gECkQLFR2ixDYpeGSr0cysdmf8WElDtv1kVWZm5+YXFpeqyyura+u1jc2uiRItsCMiFemeDwaVDLFDkhT2Yo0Q+Aqv/PFpoV/doTYyCi/pPsZBANehHEkBlFNe7cIdaRApefaxGwDdSEplSJl7m8CQk+f8YrNqYXR5yZlRGsWZO8Xk1ep2wy6H/wfOBNTZZNpe7dkdRiIJMCShwJi+Y8c0SEGTFAqzqpsYjEGM4Rr7OQwhQDNIy/AZ300MUMRj1FwqXpL4cyOFwJj7wM+d5dt/tYKcpvUTGh0N8khxQhiK4hBJheUhI7TMW0U+lBqJoPgcuQy5AA1EqCUHIXIyyWsu+nD+pv8PuvsNp9k4OG/WWyeTZhbZNtthe8xhh6zFzlibdZhgD+yFvbI369F6tz6sz29rxZrsbLFfU7G+AETws3Y=</latexit>

t : int t0 : ⌧ t1 : ⌧

if t then t0 else t1 : ⌧

<latexit sha1_base64="+XP4iDjshR0NdC7i8ier+AZnChU="></latexit>

t : ⌧0 ⇤ ⌧1
snd(t) : ⌧1

<latexit sha1_base64="PzQ4usFpK4HCcnuDLHvwyv5hsc8=">AAACJHicbVBNS8NAEN34WetX1aOXxSJUDyWRiuJJ9OKxgtVCU8pkO9XFzSbsToQS+jf8Cf4Kr3ryJh486G8xiRX8epd5vDfDzLwgVtKS6746E5NT0zOzpbny/MLi0nJlZfXcRokR2BKRikw7AItKamyRJIXt2CCEgcKL4Po49y9u0FgZ6TMaxtgN4VLLgRRAmdSruP7AgEjpwCdIeu52UbxROfVDoKtgkFrdH9Vo6+DL6FWqbt0twP8Sb0yqbIxmr/Lm9yORhKhJKLC247kxdVMwJIXCUdlPLMYgruESOxnVEKLtpsVnI76ZWKCIx2i4VLwQ8ftECqG1wzDIOvN77W8vF//zOgkN9rup1HFCqEW+iKTCYpEVRmaRIe9Lg0SQX45cai7AABEayUGITEyyDPM8vN/f/yXnO3WvUd89bVQPj8bJlNg622A15rE9dshOWJO1mGC37J49sEfnznlynp2Xz9YJZzyzxn7Aef8ACCmklw==</latexit>

t : ⌧0 ⇤ ⌧1
fst(t) : ⌧0

<latexit sha1_base64="1PypAEtsKWGdAPaLO53bNLHayqk=">AAACJHicbVC7TsNAEDyHd3gFKGlOREiBIrIRCESFoKEMEkmQ4ihaH2s45fzQ3RoJWf4NPoGvoIWKDlFQwLdgGxe8ptnRzK52d7xYSUO2/WbVJianpmdm5+rzC4tLy42V1Z6JEi2wKyIV6QsPDCoZYpckKbyINULgKex745PC79+gNjIKz+k2xmEAV6H0pQDKpVHDdn0NIqVDlyAZ2dtlcbJ66gZA156f+oayFm1VflYfNZp22y7B/xKnIk1WoTNqvLuXkUgCDEkoMGbg2DENU9AkhcKs7iYGYxBjuMJBTkMI0AzT8rOMbyYGKOIxai4VL0X8PpFCYMxt4OWdxb3mt1eI/3mDhPyDYSrDOCEMRbGIpMJykRFa5pEhv5QaiaC4HLkMuQANRKglByFyMckzLPJwfn//l/R22s5ue+9st3l0XCUzy9bZBmsxh+2zI3bKOqzLBLtjD+yRPVn31rP1Yr1+tdasamaN/YD18QkTY6Se</latexit>

t0 : ⌧0 t1 : ⌧1
(t0, t1) : ⌧0 ⇤ ⌧1

<latexit sha1_base64="uri2mwdv/lflQoPVQZOHe7ICcNA=">AAACMHicbVDLSgNBEJz1bXxFPXoZDIKKhF1RFPEgevGoYFTIhqV30tEhsw9negRZ8jN+gl/hVU96EPHqV7gbV/BVp5qqanq6wlRJQ6777AwMDg2PjI6NVyYmp6ZnqrNzpyaxWmBDJCrR5yEYVDLGBklSeJ5qhChUeBZ2Dwr/7Bq1kUl8QjcptiK4iGVHCqBcCqq7fkeDyChwd3wCG7j+lYU2p8D7fHu9Sracu2u5slJGVr+coFpz624f/C/xSlJjJY6C6ovfToSNMCahwJim56bUykCTFAp7Fd8aTEF04QKbOY0hQtPK+lf2+JI1QAlPUXOpeF/E7xMZRMbcRGGejIAuzW+vEP/zmpY6261MxqkljEWxiKTC/iIjtMzrQ96WGomg+DlyGXMBGohQSw5C5KLN+yz68H5f/5ecrte9jfrm8UZtb79sZowtsEW2zDy2xfbYITtiDSbYLbtnD+zRuXOenFfn7TM64JQz8+wHnPcPC1Sn7A==</latexit>

x : ⌧0 t : ⌧1
�x. t : ⌧0 ! ⌧1

<latexit sha1_base64="pEbFN+nopEW3ptk3HA57Z0D5Ch4=">AAACMnicbVDJSgNBFOxxjXGLevTSGARPYUYUxYOIXjxGMImQCeFN50Ubexa7X0tkyN/4CX6FV70oeBCvfoQzWcCtTtVVb+lXQaKkIdd9cSYmp6ZnZgtzxfmFxaXl0spq3cRWC6yJWMX6IgCDSkZYI0kKLxKNEAYKG8H1Se43blEbGUfndJdgK4TLSHalAMqkdunQ72oQae/AJ7Bt17+x0OE0fHn9YuqrbFYHeK/ij2XXp3jst0tlt+IOwP8Sb0TKbIRqu/Tmd2JhQ4xIKDCm6bkJtVLQJIXCftG3BhMQ13CJzYxGEKJppYM7+3zTGqCYJ6i5VHwg4veOFEJj7sIgqwyBrsxvLxf/85qWuvutVEaJJYxEvoikwsEiI7TMAkTekRqJIP85chlxARqIUEsOQmSizRLN8/B+X/+X1Lcr3k5l92ynfHQ8SqbA1tkG22Ie22NH7JRVWY0Jds8e2RN7dh6cV+fd+RiWTjijnjX2A87nF5fDqek=</latexit>

t1 : ⌧0 ! ⌧1 t0 : ⌧0
t1 t0 : ⌧1

<latexit sha1_base64="RJNRXc7/0+UlX3VGSx/YvwVMq9w=">AAACMHicbVDLSsRAEJz4dn2tevQyuAielkQURTyIXjwquCpsltCZ7dXBycOZHmEJ68f4CX6FVz3pQcSrX2ESg/iqU1FVTXdXmCppyHWfnaHhkdGx8YnJ2tT0zOxcfX7hxCRWC2yJRCX6LASDSsbYIkkKz1KNEIUKT8PL/cI/vUZtZBIfUz/FTgTnsexJAZRLQX3H72kQGQXetk9gA9enpCSef2WhyylwK2NQK1I3X4I3qAX1htt0S/C/xKtIg1U4DOovfjcRNsKYhAJj2p6bUicDTVIoHNR8azAFcQnn2M5pDBGaTlZ+OeAr1gAlPEXNpeKliN8nMoiM6UdhnoyALsxvrxD/89qWeludTMapJYxFsYikwnKREVrm9SHvSo1EUFyOXMZcgAYi1JKDELlo8z6LPrzf3/8lJ2tNb725cbTe2N2rmplgS2yZrTKPbbJddsAOWYsJdsvu2QN7dO6cJ+fVefuMDjnVzCL7Aef9A9gEqQI=</latexit>

x : ⌧ t : ⌧

rec x. t : ⌧

<latexit sha1_base64="DeMLO13dD4rPiSyru/zAWU0BBVo=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIKnsCuK4kn04lHBPCAbQu+kEwdnH870iLLkS/wEv8Krnryp4MkfcXcNool1Kqq66eoKEiUNue6bMzE5NT0zOzdfWlhcWl4pr67VTWy1wJqIVaybARhUMsIaSVLYTDRCGChsBFcnud+4QW1kHF3QXYLtEPqR7EkBlEmd8p7f0yDS20OfwPrXFrqcCj4opX4IdBn0Uo1i4PPbqv9jdcoVt+oW4OPEG5IKG+KsU/7wu7GwIUYkFBjT8tyE2ilokkLhoORbgwmIK+hjK6MRhGjaafHegG9ZAxTzBDWXihci/t5IITTmLgyyyTyxGfVy8T+vZal30E5llFjCSOSHSCosDhmhZdYb8q7USAR5cuQy4gI0EKGWHITIRJsVmffhjX4/Tuo7VW+3une+Wzk6HjYzxzbYJttmHttnR+yUnbEaE+yePbIn9uw8OC/Oq/P+PTrhDHfW2R84n1+0BqcL</latexit>

we assign semantics
only to terms that are:
well-formed and closed

<latexit sha1_base64="wpL1dFfjbK8GOCXpFJvmxJUsAAQ=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgKgiaCiDRB5SYkXryyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+thcWl5ZXV0lp5fWNza7uys9syYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG19lfvsBtZFhcEuTCF0fRoEcSgGUSi266BHE/UrVrtk5+DxxClJlBRr9yldvEIrYx4CEAmO6jh2Rm4AmKRROy73YYARiDCPspjQAH42b5Gmn/DA2QCGPUHOpeC7i740EfGMmvpdO+kB3ZtbLxP+8bkzDczeRQRQTBiI7RFJhfsgILdMakA+kRiLIkiOXAReggQi15CBEKsZpL+W0D2f2+3nSOq45pzXn5qRavyyaKbF9dsCOmMPOWJ1dswZrMsHu2RN7Zi/Wo/VqvVnvP6MLVrGzx/7A+vgGLOmTlQ==</latexit>

t : ⌧
<latexit sha1_base64="ECrp+cTjLx5McGZuwGbzUHzWj9E=">AAACDnicbVDLSgNBEJyN7/iKetPLYBDiJeyKqBch6MWjglEhG0LvpBOHzM4uM72BsAT8BL/Cq568iVd/wYP/4m7cg686FVXddHUFsZKWXPfdKU1Nz8zOzS+UF5eWV1Yra+tXNkqMwKaIVGRuArCopMYmSVJ4ExuEMFB4HQxOc/96iMbKSF/SKMZ2CH0te1IAZVKnsumHQLcmTHvDcY12j/0hGB3RrdT9TqXq1t0J+F/iFaTKCpx3Kh9+NxJJiJqEAmtbnhtTOwVDUigcl/3EYgxiAH1sZVRDiLadTn4Y853EAkU8RsOl4hMRv2+kEFo7CoNsMk9sf3u5+J/XSqh31E6ljhNCLfJDJBVODllhZFYO8q40SAR5cuRScwEGiNBIDkJkYpK1Vc768H5//5dc7dW9g7p3sV9tnBTNzLMtts1qzGOHrMHO2DlrMsHu2AN7ZE/OvfPsvDivX6Mlp9jZYD/gvH0ChV+ckQ==</latexit>

fv(t) = ?



Canonical forms

3
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Statements

t ! c

<latexit sha1_base64="3yhPqA13YmGZjRPVvXKIDGHtXLE=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBIg8piaLzZRNOOT90t0aKrHwELVR0iJavoeBfOBsXEJhqNLOr2R0/VtKQ6344pZXVtfWN8mZla3tnd6+6f9AxUaIFtkWkIt3zuUElQ2yTJIW9WCMPfIVdf3ad+d0H1EZG4R3NYxwGfBrKiRScrNQlNqCIiVG15tbdHOwv8QpSgwKtUfVzMI5EEmBIQnFj+p4b0zDlmqRQuKgMEoMxFzM+xb6lIQ/QDNP83AU7SQy3qTFqJhXLRfy5kfLAmHng28mA071Z9jLxP6+f0ORymMowTghDkQWRVJgHGaGl7QHZWGok4tnlyGTIBNecCLVkXAgrJraYiu3DW/7+L+mc1b1G/fy2UWteFc2U4QiO4RQ8uIAm3EAL2iBgBo/wBM9O6rw4r87b92jJKXYO4Rec9y9XOZOj</latexit>

a closed term a canonical form
(a special kind of terms)

reads “reduces to”

Big step operational semantics

computation of canonical form
(by term manipulation)
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Canonical forms
C⌧ ✓ T⌧

<latexit sha1_base64="yiyd3PMYE06HpsABASb86ZTIZgU=">AAACC3icbVC7TgJBFJ3FF+ILtbCwmUhMrMiuwWhJpLHEhFcChNwdLjhh9uHMHRNC+AS/wlYrO2PrR1j4Ly4rhYKnOjnn3tx7jh8rach1P53Myura+kZ2M7e1vbO7l98/aJjIaoF1EalIt3wwqGSIdZKksBVrhMBX2PRHlZnffEBtZBTWaBxjN4BhKAdSACVSL39U6XUILO8Y6xskvOe1VOjlC27RTcGXiTcnBTZHtZf/6vQjYQMMSSgwpu25MXUnoEkKhdNcxxqMQYxgiO2EhhCg6U7SAFN+ag1QxGPUXCqeivh7YwKBMePATyYDoDuz6M3E/7y2pcFVdyLD2BKGYnaIpML0kBFaJs0g70uNRDD7HLkMuQANRKglByES0SZV5ZI+vMX0y6RxXvRKxYvbUqF8PW8my47ZCTtjHrtkZXbDqqzOBJuyJ/bMXpxH59V5c95/RjPOfOeQ/YHz8Q1Uc5rH</latexit>

set of canonical forms
with type ⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

166 7 Operational Semantics of HOFL

which we will assume to be the results of calculations (i.e., as ordinary values). For
each type we fix the set of terms in canonical form by taking a subset of terms which
reasonably represent the notion of values for that type.

As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.

Definition 7.6 (Canonical forms). Let us define a set Ct of canonical forms for each
type t as follows:

n 2 Cint

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) 2 Ct0⇤t1

lx. t : t0 ! t1 lx. t closed

lx. t 2 Ct0!t1

We now define the rules of the operational semantics; these rules define an evaluation
relation:

t ! c

where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.
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As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.
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type t as follows:
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We now define the rules of the operational semantics; these rules define an evaluation
relation:
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where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules
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For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.
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which we will assume to be the results of calculations (i.e., as ordinary values). For
each type we fix the set of terms in canonical form by taking a subset of terms which
reasonably represent the notion of values for that type.

As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.

Definition 7.6 (Canonical forms). Let us define a set Ct of canonical forms for each
type t as follows:

n 2 Cint

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) 2 Ct0⇤t1

lx. t : t0 ! t1 lx. t closed

lx. t 2 Ct0!t1

We now define the rules of the operational semantics; these rules define an evaluation
relation:

t ! c

where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.

i.e., expanding the various cases
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Let us now consider pairing. Obviously, since we consider pairs as canonical
values, we do not have to add further rules for simple pairs. We have instead two
rules for projections:

t ! (t0, t1) t0 ! c0

fst(t) ! c0

t ! (t0, t1) t1 ! c1

snd(t) ! c1

The rules are obviously similar: the canonical form of t is computed, which
must be of the form (t0, t1), because t must have pair type for the projection to be
applicable and fst(t) (and snd(t)) typable. Note however that t0 and t1 need not be
in canonical form. So only the canonical form of the component indicated by the
projection operator is computed, with the other component discarded.

Function abstraction is handled by the axiom for terms already in canonical form,
as in the case of pairing. For function application, we show two rules, according
to two different evaluation strategies, called lazy and eager. In the lazy operational
semantics, we do not evaluate the canonical forms of the parameters when passing
them to the function body. The lazy semantics will be our primary focus in the rest
of this part of the book concerned with HOFL:

t1 ! lx. t 01 t 01[
t0/x] ! c

(t1 t0) ! c
(lazy)

We remark that in the second premise of the rule, we replace each occurrence of x
in t 01 with t0, i.e., we replace each instance of x with a copy of the (non-evaluated)
parameter t0 and not with its canonical form.

For the sake of discussion let us consider the eager alternative to this rule:

t1 ! lx. t 01 t0 ! c0 t 01[
c0/x] ! c

(t1 t0) ! c
(eager)

Unlike the lazy semantics, the eager semantics evaluates the parameters only once
and does so before the substitution. Note that these two types of evaluation are not
equivalent. If the evaluation of the argument does not terminate, and it is not needed,
the lazy rule will guarantee convergence, while the eager rule will diverge. Vice
versa, according to the lazy semantics, if the argument is actually needed it may later
be evaluated several times (every time it is used).

Finally, we have a last rule for recursive terms:

t[rec x. t/x] ! c

rec x. t ! c
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For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.

166 7 Operational Semantics of HOFL

which we will assume to be the results of calculations (i.e., as ordinary values). For
each type we fix the set of terms in canonical form by taking a subset of terms which
reasonably represent the notion of values for that type.

As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.

Definition 7.6 (Canonical forms). Let us define a set Ct of canonical forms for each
type t as follows:

n 2 Cint

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) 2 Ct0⇤t1

lx. t : t0 ! t1 lx. t closed

lx. t 2 Ct0!t1

We now define the rules of the operational semantics; these rules define an evaluation
relation:

t ! c

where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.



1010

Type system (remind)

x : bx

<latexit sha1_base64="zyh46oCIz2aovat+EuUUe4GQLx8=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUU2CgJRIWgog0QgUhJF68smOeX80N0agizzCXwFLVR0iJZ/oOBfsEMKSJhqNLOr3RkvUtKQ43xaM7Nz8wuLhaXi8srq2rq9sXltwlgLrIlQhbrugUElA6yRJIX1SCP4nsIbb3Ce+ze3qI0Mgyu6j7DlQy+QXSmAMqltbze7GkSSFpPhSfNOdrAPlAzTtNi2S07ZGYFPE3dMSmyMatv+anZCEfsYkFBgTMN1ImoloEkKhWmxGRuMQAygh42MBuCjaSWjBCnfiw1QyCPUXCo+EvH3RgK+Mfe+l036QH0z6eXif14jpu5xK5FBFBMGIj9EUuHokBFaZtUg70iNRJB/jlwGXIAGItSSgxCZGGdd5X24k+mnyfVB2a2UDy8rpdOzcTMFtsN22T5z2RE7ZResympMsAf2xJ7Zi/VovVpv1vvP6Iw13tlif2B9fAOlVJuI</latexit>

n : int

<latexit sha1_base64="iDZtLMBJ6B5p1rsjJV7fp3Lejq0=">AAACDXicbVC7TsNAEDzzDOZloEI0JyIkqshGQSAqBA1lkMhDSqJofWzgxPls3a2RkGXxCXwFLVR0iJZvoOBfsEMKIEw1mtnV7kyYKGnJ9z+cqemZ2bn5yoK7uLS8suqtrbdsnBqBTRGr2HRCsKikxiZJUthJDEIUKmyHN6el375FY2WsL+guwX4EV1oOpQAqpIG32RsaEFnuZvqoFwFdS8qkpjx3B17Vr/kj8EkSjEmVjdEYeJ+9y1ikEWoSCqztBn5C/QwMSaEwd3upxQTEDVxht6AaIrT9bBQh5zupBYp5goZLxUci/tzIILL2LgqLyfJL+9crxf+8bkrDw34RKUkJtSgPkVQ4OmSFkUU3yC+lQSIoP0cuNRdggAiN5CBEIaZFWWUfwd/0k6S1Vwvqtf3zevX4ZNxMhW2xbbbLAnbAjtkZa7AmE+yePbIn9uw8OC/Oq/P2PTrljHc22C847195F5v8</latexit>

t0 op t1 :

<latexit sha1_base64="anL4IOnPtTbTT3250TfmtTUpA6I="></latexit>

t0 : int t1 : int

t0 op t1 : int

<latexit sha1_base64="oYo0dGk+kSYaUf0OCahqDb/f0MM=">AAACR3icbVC7TsNAEDyHd3gFKGlOREhUkY2CQFQRNJRBkBApjqz1ZQOnnB/crZGQ5Q/jE/gECkQLFR2ixDYpeGSr0cysdmf8WElDtv1kVWZm5+YXFpeqyyura+u1jc2uiRItsCMiFemeDwaVDLFDkhT2Yo0Q+Aqv/PFpoV/doTYyCi/pPsZBANehHEkBlFNe7cIdaRApefaxGwDdSEplSJl7m8CQk+f8YrNqYXR5yZlRGsWZO8Xk1ep2wy6H/wfOBNTZZNpe7dkdRiIJMCShwJi+Y8c0SEGTFAqzqpsYjEGM4Rr7OQwhQDNIy/AZ300MUMRj1FwqXpL4cyOFwJj7wM+d5dt/tYKcpvUTGh0N8khxQhiK4hBJheUhI7TMW0U+lBqJoPgcuQy5AA1EqCUHIXIyyWsu+nD+pv8PuvsNp9k4OG/WWyeTZhbZNtthe8xhh6zFzlibdZhgD+yFvbI369F6tz6sz29rxZrsbLFfU7G+AETws3Y=</latexit>

t : int t0 : ⌧ t1 : ⌧

if t then t0 else t1 : ⌧

<latexit sha1_base64="+XP4iDjshR0NdC7i8ier+AZnChU="></latexit>

if t then t0 else t1 : ⌧

<latexit sha1_base64="qdRckQDGbMJCIvsz7QP0oQVyiRc="></latexit>

(t0, t1) :

<latexit sha1_base64="9Sm7ZOc4Qqcl01pmRbqLcQGNxPA="></latexit>

t0 : ⌧0 t1 : ⌧1
(t0, t1) : ⌧0 ⇤ ⌧1

<latexit sha1_base64="uri2mwdv/lflQoPVQZOHe7ICcNA=">AAACMHicbVDLSgNBEJz1bXxFPXoZDIKKhF1RFPEgevGoYFTIhqV30tEhsw9negRZ8jN+gl/hVU96EPHqV7gbV/BVp5qqanq6wlRJQ6777AwMDg2PjI6NVyYmp6ZnqrNzpyaxWmBDJCrR5yEYVDLGBklSeJ5qhChUeBZ2Dwr/7Bq1kUl8QjcptiK4iGVHCqBcCqq7fkeDyChwd3wCG7j+lYU2p8D7fHu9Sracu2u5slJGVr+coFpz624f/C/xSlJjJY6C6ovfToSNMCahwJim56bUykCTFAp7Fd8aTEF04QKbOY0hQtPK+lf2+JI1QAlPUXOpeF/E7xMZRMbcRGGejIAuzW+vEP/zmpY6261MxqkljEWxiKTC/iIjtMzrQ96WGomg+DlyGXMBGohQSw5C5KLN+yz68H5f/5ecrte9jfrm8UZtb79sZowtsEW2zDy2xfbYITtiDSbYLbtnD+zRuXOenFfn7TM64JQz8+wHnPcPC1Sn7A==</latexit>

snd(t) :

<latexit sha1_base64="Uyeh8HjBZG60QHapp96WjWIU8gk="></latexit>

t : ⌧0 ⇤ ⌧1
snd(t) : ⌧1

<latexit sha1_base64="PzQ4usFpK4HCcnuDLHvwyv5hsc8=">AAACJHicbVBNS8NAEN34WetX1aOXxSJUDyWRiuJJ9OKxgtVCU8pkO9XFzSbsToQS+jf8Cf4Kr3ryJh486G8xiRX8epd5vDfDzLwgVtKS6746E5NT0zOzpbny/MLi0nJlZfXcRokR2BKRikw7AItKamyRJIXt2CCEgcKL4Po49y9u0FgZ6TMaxtgN4VLLgRRAmdSruP7AgEjpwCdIeu52UbxROfVDoKtgkFrdH9Vo6+DL6FWqbt0twP8Sb0yqbIxmr/Lm9yORhKhJKLC247kxdVMwJIXCUdlPLMYgruESOxnVEKLtpsVnI76ZWKCIx2i4VLwQ8ftECqG1wzDIOvN77W8vF//zOgkN9rup1HFCqEW+iKTCYpEVRmaRIe9Lg0SQX45cai7AABEayUGITEyyDPM8vN/f/yXnO3WvUd89bVQPj8bJlNg622A15rE9dshOWJO1mGC37J49sEfnznlynp2Xz9YJZzyzxn7Aef8ACCmklw==</latexit>

t : ⌧0 ⇤ ⌧1
fst(t) : ⌧0

<latexit sha1_base64="1PypAEtsKWGdAPaLO53bNLHayqk=">AAACJHicbVC7TsNAEDyHd3gFKGlOREiBIrIRCESFoKEMEkmQ4ihaH2s45fzQ3RoJWf4NPoGvoIWKDlFQwLdgGxe8ptnRzK52d7xYSUO2/WbVJianpmdm5+rzC4tLy42V1Z6JEi2wKyIV6QsPDCoZYpckKbyINULgKex745PC79+gNjIKz+k2xmEAV6H0pQDKpVHDdn0NIqVDlyAZ2dtlcbJ66gZA156f+oayFm1VflYfNZp22y7B/xKnIk1WoTNqvLuXkUgCDEkoMGbg2DENU9AkhcKs7iYGYxBjuMJBTkMI0AzT8rOMbyYGKOIxai4VL0X8PpFCYMxt4OWdxb3mt1eI/3mDhPyDYSrDOCEMRbGIpMJykRFa5pEhv5QaiaC4HLkMuQANRKglByFyMckzLPJwfn//l/R22s5ue+9st3l0XCUzy9bZBmsxh+2zI3bKOqzLBLtjD+yRPVn31rP1Yr1+tdasamaN/YD18QkTY6Se</latexit>

fst(t) :

<latexit sha1_base64="NFbJGfUJBRBB5QZJz7dwTWVHVjY="></latexit>

�x. t :

<latexit sha1_base64="WFXGH9YEbyETUxUK0s9D4ERTB1w="></latexit>

x : ⌧0 t : ⌧1
�x. t : ⌧0 ! ⌧1

<latexit sha1_base64="pEbFN+nopEW3ptk3HA57Z0D5Ch4=">AAACMnicbVDJSgNBFOxxjXGLevTSGARPYUYUxYOIXjxGMImQCeFN50Ubexa7X0tkyN/4CX6FV70oeBCvfoQzWcCtTtVVb+lXQaKkIdd9cSYmp6ZnZgtzxfmFxaXl0spq3cRWC6yJWMX6IgCDSkZYI0kKLxKNEAYKG8H1Se43blEbGUfndJdgK4TLSHalAMqkdunQ72oQae/AJ7Bt17+x0OE0fHn9YuqrbFYHeK/ij2XXp3jst0tlt+IOwP8Sb0TKbIRqu/Tmd2JhQ4xIKDCm6bkJtVLQJIXCftG3BhMQ13CJzYxGEKJppYM7+3zTGqCYJ6i5VHwg4veOFEJj7sIgqwyBrsxvLxf/85qWuvutVEaJJYxEvoikwsEiI7TMAkTekRqJIP85chlxARqIUEsOQmSizRLN8/B+X/+X1Lcr3k5l92ynfHQ8SqbA1tkG22Ie22NH7JRVWY0Jds8e2RN7dh6cV+fd+RiWTjijnjX2A87nF5fDqek=</latexit>

t1 : ⌧0 ! ⌧1 t0 : ⌧0
t1 t0 : ⌧1

<latexit sha1_base64="RJNRXc7/0+UlX3VGSx/YvwVMq9w=">AAACMHicbVDLSsRAEJz4dn2tevQyuAielkQURTyIXjwquCpsltCZ7dXBycOZHmEJ68f4CX6FVz3pQcSrX2ESg/iqU1FVTXdXmCppyHWfnaHhkdGx8YnJ2tT0zOxcfX7hxCRWC2yJRCX6LASDSsbYIkkKz1KNEIUKT8PL/cI/vUZtZBIfUz/FTgTnsexJAZRLQX3H72kQGQXetk9gA9enpCSef2WhyylwK2NQK1I3X4I3qAX1htt0S/C/xKtIg1U4DOovfjcRNsKYhAJj2p6bUicDTVIoHNR8azAFcQnn2M5pDBGaTlZ+OeAr1gAlPEXNpeKliN8nMoiM6UdhnoyALsxvrxD/89qWeludTMapJYxFsYikwnKREVrm9SHvSo1EUFyOXMZcgAYi1JKDELlo8z6LPrzf3/8lJ2tNb725cbTe2N2rmplgS2yZrTKPbbJddsAOWYsJdsvu2QN7dO6cJ+fVefuMDjnVzCL7Aef9A9gEqQI=</latexit>

t1 t0 :

<latexit sha1_base64="A8paqORD9c9Lz+1p6FW8EjUoJyg="></latexit>

rec x. t :

<latexit sha1_base64="T0a7sOMYQEinhIMTc7IecAtoB+A="></latexit>

x : ⌧ t : ⌧

rec x. t : ⌧

<latexit sha1_base64="DeMLO13dD4rPiSyru/zAWU0BBVo=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIKnsCuK4kn04lHBPCAbQu+kEwdnH870iLLkS/wEv8Krnryp4MkfcXcNool1Kqq66eoKEiUNue6bMzE5NT0zOzdfWlhcWl4pr67VTWy1wJqIVaybARhUMsIaSVLYTDRCGChsBFcnud+4QW1kHF3QXYLtEPqR7EkBlEmd8p7f0yDS20OfwPrXFrqcCj4opX4IdBn0Uo1i4PPbqv9jdcoVt+oW4OPEG5IKG+KsU/7wu7GwIUYkFBjT8tyE2ilokkLhoORbgwmIK+hjK6MRhGjaafHegG9ZAxTzBDWXihci/t5IITTmLgyyyTyxGfVy8T+vZal30E5llFjCSOSHSCosDhmhZdYb8q7USAR5cuQy4gI0EKGWHITIRJsVmffhjX4/Tuo7VW+3une+Wzk6HjYzxzbYJttmHttnR+yUnbEaE+yePbIn9uw8OC/Oq/P+PTrhDHfW2R84n1+0BqcL</latexit>
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Example
t , �x. x+ 1

<latexit sha1_base64="GQge3SCiOZwru2y2mtxTKBQTGcg=">AAACEHicbVDLSgNBEJyNrxhfUY96GAyCIIRdiegx6MVjBPOAbAi9kzYOmZ1dZ3olIeTiJ/gVXvXkTbz6Bx78FzcxBzXWqajqorsriJW05LofTmZufmFxKbucW1ldW9/Ib27VbJQYgVURqcg0ArCopMYqSVLYiA1CGCisB73zsV+/Q2NlpK9oEGMrhK6W11IApVI7v0vcJyNBdxXecl+lyQ7wftHn/UOvnS+4RXcCPku8KSmwKSrt/KffiUQSoiahwNqm58bUGoIhKRSOcn5iMQbRgy42U6ohRNsaTr4Y8f3EAkU8RsOl4hMRfyaGEFo7CIN0MgS6sX+9sfif10zo+rQ1lDpOCLUYLyKpcLLICiPTepB3pEEiGF+OXGouwAARGslBiFRM0r5yaR/e3+9nSe2o6JWKx5elQvls2kyW7bA9dsA8dsLK7IJVWJUJds8e2RN7dh6cF+fVefsezTjTzDb7Bef9C81nm/o=</latexit>

�x. x+ 1 ! c -c=�x. x+1 ⇤

<latexit sha1_base64="50neOMhVcsZkARl2HyNca5HQejA="></latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ! int

<latexit sha1_base64="DTiwTWgWak8bPoAxeb2W3pGqL0Y=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV2JaBm0sYxgHpBdwuzkJg6ZfTBzVwghlZ/gV9hqZSe2foGF/+LsukVMvNXhnHu555wgkUKj43xZS8srq2vrpY3y5tb2zq69t9/Scao4NHksY9UJmAYpImiiQAmdRAELAwntYHSd6e0HUFrE0R2OE/BDNozEQHCGhurZR17I8F7gREQ4pR7GdJbo2RWn6uRDF4FbgAopptGzv71+zNMQIuSSad11nQT9CVMouIRp2Us1JIyP2BC6BkYsBO1P8hhTepJqZgwkoKiQNCdh9mLCQq3HYWA2M496XsvI/7RuioNL3wRKUoSIZ49QSMgfaa6E6QdoXyhAZJlzoCKinCmGCEpQxrkhU1NY2fThzqdfBK2zqlurnt/WKvWropkSOSTH5JS45ILUyQ1pkCbh5JE8kxfyaj1Zb9a79fG7umQVNwfkz1ifP1ugniU=</latexit>

: int ! int

<latexit sha1_base64="qdqrc4gA0dPSG0JhrEMADKsHo4A=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoNgFXYlolgFbSwjmAdkQ5id3MQhs7PLzF0hhHR+gl9hq5Wd2PoDFv6Ls2uKmHirwzn3cs85QSyFQdf9cnJLyyura/n1wsbm1vZOcXevYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB4nerNB9BGROoORzF0QjZQoi84Q0t1i4eXfsjwXuBYKJxQHyM6S3SLJbfsZkMXgTcFJTKdWrf47fcinoSgkEtmTNtzY+yMmUbBJUwKfmIgZnzIBtC2ULEQTGec5ZjQ48QwayAGTYWkGQmzF2MWGjMKA7uZejTzWkr+p7UT7F90bKA4QVA8fYRCQvbIcC1sQUB7QgMiS50DFYpyphkiaEEZ55ZMbGMF24c3n34RNE7LXqV8dlspVa+mzeTJATkiJ8Qj56RKbkiN1Aknj+SZvJBX58l5c96dj9/VnDO92Sd/xvn8AeHenmk=</latexit>
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Example
t , (�x. x+ 1, 1 + 2)

<latexit sha1_base64="NIxoJmiPKVEJOGxjW7phNwa7o28=">AAACFXicbVC7TsNAEDyHd3gZKGkOIqSgoMiOQFAiaChBIoAUR9H6sgknzmdzt0ZEUWo+ga+ghYoO0VJT8C84IQUkTDWa2dHuTpgoacnzPp3cxOTU9MzsXH5+YXFp2V1ZvbBxagRWRaxicxWCRSU1VkmSwqvEIEShwsvw5rjvX96hsTLW59RJsB5BW8uWFECZ1HA3KCAjQbcV3vJioLJkE/h9OeD3JX/HL1W2G27BK3sD8HHiD0mBDXHacL+CZizSCDUJBdbWfC+hehcMSaGwlw9SiwmIG2hjLaMaIrT17uCVHt9KLVDMEzRcKj4Q8XeiC5G1nSjMJiOgazvq9cX/vFpKrYN6V+okJdSiv4ikwsEiK4zMOkLelAaJoH85cqm5AANEaCQHITIxzUrLZ334o9+Pk4tK2d8t753tFg6Phs3MsnW2yYrMZ/vskJ2wU1Zlgj2wJ/bMXpxH59V5c95/RnPOMLPG/sD5+AYr4Z0X</latexit>

(�x. x+ 1, 1 + 2) ! c -c=(�x. x+1,1+2) ⇤

<latexit sha1_base64="gldrt8/LdN/SQCd6hYYQB6xZXqI="></latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ! int

<latexit sha1_base64="DTiwTWgWak8bPoAxeb2W3pGqL0Y=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV2JaBm0sYxgHpBdwuzkJg6ZfTBzVwghlZ/gV9hqZSe2foGF/+LsukVMvNXhnHu555wgkUKj43xZS8srq2vrpY3y5tb2zq69t9/Scao4NHksY9UJmAYpImiiQAmdRAELAwntYHSd6e0HUFrE0R2OE/BDNozEQHCGhurZR17I8F7gREQ4pR7GdJbo2RWn6uRDF4FbgAopptGzv71+zNMQIuSSad11nQT9CVMouIRp2Us1JIyP2BC6BkYsBO1P8hhTepJqZgwkoKiQNCdh9mLCQq3HYWA2M496XsvI/7RuioNL3wRKUoSIZ49QSMgfaa6E6QdoXyhAZJlzoCKinCmGCEpQxrkhU1NY2fThzqdfBK2zqlurnt/WKvWropkSOSTH5JS45ILUyQ1pkCbh5JE8kxfyaj1Zb9a79fG7umQVNwfkz1ifP1ugniU=</latexit>

(int ! int) ⇤ int

<latexit sha1_base64="WqwV52WhO1TCbJb7mACHw6vIoec=">AAACInicbVDLSgNBEJz1GdfXqkcvg0GIHsKuRPQY9OIxgnlANoTZSScOmX0w0yuEkL/wE/wKr3ryJp4E/Rdn4x5iYp2qq7vprgoSKTS67qe1tLyyurZe2LA3t7Z3dp29/YaOU8WhzmMZq1bANEgRQR0FSmglClgYSGgGw+us33wApUUc3eEogU7IBpHoC87QSF2nXPJDhvcCxyLCCfUxprPCiX1qz9Zdp+iW3SnoIvFyUiQ5al3n2+/FPA0hQi6Z1m3PTbAzZgoFlzCx/VRDwviQDaBtaMRC0J3x1NeEHqeamYcSUFRIOhVhdmPMQq1HYWAmsx/1fC8T/+u1U+xfdoyhJEWIeHYIhYTpIc2VMIEB7QkFiCz7HKiIKGeKIYISlHFuxNQkaJs8vHn3i6RxVvYq5fPbSrF6lSdTIIfkiJSIRy5IldyQGqkTTh7JM3khr9aT9Wa9Wx+/o0tWvnNA/sD6+gGgsqSE</latexit>

: (int ! int) ⇤ int

<latexit sha1_base64="BdFLet8dTmfvtmbSovQ2wdYgbSI=">AAACI3icbVDLTgJBEJzFF64v1KOXicQEPeCuwWg8Eb14xEQeCbshs0ODE2cfmek1IYTP8BP8Cq968ma8eOBfnEUOCNapuro73VVBIoVGx/m2ckvLK6tr+XV7Y3Nre6ewu9fQcao41HksY9UKmAYpIqijQAmtRAELAwnN4PEm6zefQGkRR/c4SMAPWT8SPcEZGqlTOL0qeSHDB4FDEeGIehjTWeHYPrFn606h6JSdCegicaekSKaodQpjrxvzNIQIuWRat10nQX/IFAouYWR7qYaE8UfWh7ahEQtB+8OJsRE9SjUzDyWgqJB0IsLsxpCFWg/CwExmP+r5Xib+12un2Lv0jaEkRYh4dgiFhMkhzZUwiQHtCgWILPscqIgoZ4ohghKUcW7E1ERomzzcefeLpHFWdivl87tKsXo9TSZPDsghKRGXXJAquSU1UiecPJNX8kberRfrw/q0vn5Hc9Z0Z5/8gTX+ASr7pMg=</latexit>

laziness:
no need to evaluate 1+2
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Example

t , �x. if fst(x) then 1 else snd(x)

<latexit sha1_base64="GjNwcJtb1KcPXijWNo5CqIR9KCo="></latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ⇤ ⌧1

<latexit sha1_base64="wnOp2zIrRG+wKVKzcU00lZOZo0w=">AAACCXicbVDLSgNBEJyNrxhfq+LJy2AQxEPYlYgeg148RjAPSMLSO+nEIbMPZnqFsOQL/AqvevImXv0KD/6LuzEHTaxTUdVNV5cfK2nIcT6twtLyyupacb20sbm1vWPv7jVNlGiBDRGpSLd9MKhkiA2SpLAda4TAV9jyR9e533pAbWQU3tE4xl4Aw1AOpADKJM8+6AZA95JSGdKEn/IuQeK5nl12Ks4UfJG4M1JmM9Q9+6vbj0QSYEhCgTEd14mpl4ImKRROSt3EYAxiBEPsZDSEAE0vncaf8OPEAEU8Rs2l4lMRf2+kEBgzDvxsMg9r5r1c/M/rJDS47GWfxQlhKPJDJBVODxmhZdYL8r7USAR5cuQy5AI0EKGWHITIxCQrqpT14c5/v0iaZxW3Wjm/rZZrV7NmiuyQHbET5rILVmM3rM4aTLCUPbFn9mI9Wq/Wm/X+M1qwZjv77A+sj2+dDJnQ</latexit>

int ⇤ ⌧1

<latexit sha1_base64="wnOp2zIrRG+wKVKzcU00lZOZo0w=">AAACCXicbVDLSgNBEJyNrxhfq+LJy2AQxEPYlYgeg148RjAPSMLSO+nEIbMPZnqFsOQL/AqvevImXv0KD/6LuzEHTaxTUdVNV5cfK2nIcT6twtLyyupacb20sbm1vWPv7jVNlGiBDRGpSLd9MKhkiA2SpLAda4TAV9jyR9e533pAbWQU3tE4xl4Aw1AOpADKJM8+6AZA95JSGdKEn/IuQeK5nl12Ks4UfJG4M1JmM9Q9+6vbj0QSYEhCgTEd14mpl4ImKRROSt3EYAxiBEPsZDSEAE0vncaf8OPEAEU8Rs2l4lMRf2+kEBgzDvxsMg9r5r1c/M/rJDS47GWfxQlhKPJDJBVODxmhZdYL8r7USAR5cuQy5AI0EKGWHITIxCQrqpT14c5/v0iaZxW3Wjm/rZZrV7NmiuyQHbET5rILVmM3rM4aTLCUPbFn9mI9Wq/Wm/X+M1qwZjv77A+sj2+dDJnQ</latexit>

int = ⌧1

<latexit sha1_base64="yjfdkrkb7xSLsKgOynham4amEUU=">AAACCXicbVDLSgNBEJyNrxhfUfHkZTAInsKuRPQiBL14jGAekF1C76QTh8w+mOkVwpIv8Cu86smbePUrPPgv7sYcNLFORVU3XV1+rKQh2/60CkvLK6trxfXSxubW9k55d69lokQLbIpIRbrjg0ElQ2ySJIWdWCMEvsK2P7rO/fYDaiOj8I7GMXoBDEM5kAIok3rlAzcAupeUypAm/JK7BEnP6ZUrdtWegi8SZ0YqbIZGr/zl9iORBBiSUGBM17Fj8lLQJIXCSclNDMYgRjDEbkZDCNB46TT+hB8nBijiMWouFZ+K+HsjhcCYceBnk3lYM+/l4n9eN6HBhZd9FieEocgPkVQ4PWSEllkvyPtSIxHkyZHLkAvQQIRachAiE5OsqFLWhzP//SJpnVadWvXstlapX82aKbJDdsROmMPOWZ3dsAZrMsFS9sSe2Yv1aL1ab9b7z2jBmu3ssz+wPr4Buy6Z4w==</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ⇤ int

<latexit sha1_base64="hZOi9xweqKVHmq4N5Cjy/JnRJck=">AAACD3icbVC7TsNAEDyHVwgvA2WaExESoohsFARlBA1lkMhDSqzofNmEU84P3a2RoigFn8BX0EJFh2j5BAr+hbNxERK2mp3Z1e6MH0uh0XG+rMLK6tr6RnGztLW9s7tn7x+0dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C2x9fp3r7AZQWUXiHkxi8gI1CMRScoaH6drkXMLwXOBUhzugpnW/7dsWpOlnRZeDmoELyavTt794g4kkAIXLJtO66TozelCkUXMKs1Es0xIyP2Qi6BoYsAO1NMxMzepxohhGNQVEhaUbC/MaUBVpPAt9Mpj/qRS0l/9O6CQ4vPWMoThBCnh5CISE7pLkSJh2gA6EAkaWfAxUh5UwxRFCCMs4NmZi4SiYPd9H9MmidVd1a9fy2Vqlf5ckUSZkckRPikgtSJzekQZqEk0fyTF7Iq/VkvVnv1sfvaMHKdw7Jn7I+fwBHeJz8</latexit>

(int ⇤ int) ! int

<latexit sha1_base64="zGfnw2FlYxWkRu8+NU4fz2Y8SWA=">AAACI3icbVC7TsNAEDyHVzAvAyXNiQgpUAQbBUEZQUMZJPKQkig6XzbhlPPZulsjRVE+g0/gK2ihokM0FPkXbJMiJGw1O7Or3Rk/ksKg635buZXVtfWN/Ka9tb2zu+fsH9RNGGsONR7KUDd9ZkAKBTUUKKEZaWCBL6HhD29TvfEE2ohQPeAogk7ABkr0BWeYUF3nvNgOGD4KHAuFE3pG59tTu42hPc/YXafgltys6DLwZqBAZlXtOtN2L+RxAAq5ZMa0PDfCzphpFFzCxG7HBiLGh2wArQQqFoDpjDNjE3oSG4YhjUBTIWlGwvzGmAXGjAI/mUyfNItaSv6ntWLsX3cSR1GMoHh6CIWE7JDhWiSJAe0JDYgs/RyoUJQzzRBBC8o4T8g4iTDNw1t0vwzqFyWvXLq8LxcqN7Nk8uSIHJMi8cgVqZA7UiU1wskzeSVv5N16sT6sT+vrdzRnzXYOyZ+ypj/hJqSY</latexit>

: (int ⇤ int) ! int

<latexit sha1_base64="GgppD3TJRXjgjrL8WmM93uZfqxU=">AAACJHicbVC7TsNAEDyHVzCvACXNiQgpUEQ2CgJRRdBQBok8pNiKzpdNOOX80N0aKbLyG3wCX0ELFR2ioIBvwTYpQsJWszO72p3xIik0WtanUVhaXlldK66bG5tb2zul3b2WDmPFoclDGaqOxzRIEUATBUroRAqY70loe6PrTG8/gNIiDO5wHIHrs2EgBoIzTKleybqsOD7De4GJCHBCT+hse2w6GJqzjNkrla2qlRddBPYUlMm0Gr3Sl9MPeexDgFwyrbu2FaGbMIWCS5iYTqwhYnzEhtBNYcB80G6SO5vQo1gzDGkEigpJcxJmNxLmaz32vXQye1LPaxn5n9aNcXDhpo6iGCHg2SEUEvJDmiuRRga0LxQgsuxzoCKgnCmGCEpQxnlKxmmGWR72vPtF0Dqt2rXq2W2tXL+aJlMkB+SQVIhNzkmd3JAGaRJOHskzeSGvxpPxZrwbH7+jBWO6s0/+lPH9A2urpNw=</latexit>
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Example (ctd)

t (1, 2) ! c - t ! �x0. t0 , t0[(1,2)/x0 ] ! c

<latexit sha1_base64="13q5LxFygQCXdMMABzP1jaPXZCc=">AAACPnicbVBNT9tAFFwDbYP7FeixlxVRFSqh1I5SwTEql6qnIJGAFLvR8+ZBV6zX1u5zSWSF39SfwK+o1ENVTr1VXDmyNjm00HcazbzZ2TdJrqSlIPjhrayuPXr8pLHuP332/MXL5sbmyGaFETgUmcrMcQIWldQ4JEkKj3ODkCYKj5Kz/Uo/+orGykwf0jzHOIVTLU+kAHLUpPmJLrbDne7biDIu/IhH+hyMyc4jnyoqUu6pKf BZuxNxaruFHae0x5/L2rV4Nyln7UVcuyfNVtAJ6uEPQbgELbacwaT5M5pmokhRk1Bg7TgMcopLMCSFwoUfFRZzEGdwimMHNaRo47K+ecHfFBZcao6GS8VrEv92lJBaO08Tt5kCfbH3tYr8nzYu6GQvLqXOC0ItqiCSCusgK4x0ZSKfSoNEUP0cudRcgAEiNJKDEI4sXLu+6yO8f/1DMOp2wl7n/UGv1f+wbKbBXrMtts1Ctsv67CMbsCET7Bv7zn6xK+/S++398a7vVle8pecV+2e8m1sf6Ksk</latexit>

= if fst(1, 2) then 1 else snd(1, 2) ! c

<latexit sha1_base64="942Y9ohH+JgyOQU3xUV84mu3FZ4="></latexit>

- fst(1, 2) ! n , n 6= 0 , snd(1, 2) ! c

<latexit sha1_base64="liLKbLQNPamkTRqdikGPaxuUghQ="></latexit>

- (1, 2) ! (n1, n2) , n1 ! n , n 6= 0 , snd(1, 2) ! c

<latexit sha1_base64="xZDJ+7SH+Kvq7eWQm2C+Ojlb3bc="></latexit>

-⇤
n1=1,n2=2,n=1 snd(1, 2) ! c

<latexit sha1_base64="dMWZSvOF0ZrD+P5bVWcCEXNgGY4="></latexit>

- (1, 2) ! (n3, n4) , n4 ! c

<latexit sha1_base64="d1Kv20544mT80LrS8zT1+MznnyY=">AAACIXicbVDLSgNBEJz17fqKevQyGIQIMezGiB5FLx4VjArZsPSOnTg4O7vM9BpC8Cv8BL/Cq568iTcR/8XdmIOvOhVV3VR3RamSljzvzRkbn5icmp6ZdefmFxaXSssrZzbJjMCmSFRiLiKwqKTGJklSeJEahDhSeB5dHxb++Q0aKxN9Sv0U2zF0texIAZRLYWkr0D0wJukFbsWv1jd5QIlb0eF2VYeNTTfg1YDnrJC5cMNS2at5Q/C/xB+RMhvhOCx9BJeJyGLUJBRY2/K9lNoDMCSFwls3yCymIK6hi62caojRtgfDt275RmYhj03RcKn4UMTvGwOIre3HUT4ZA13Z314h/ue1MurstQdSpxmhFkUQSYXDICuMzPtCfikNEkFxOXKpuQADRGgkByFyMcsLLPrwf3//l5zVa36jtnPSKO8fjJqZYWtsnVWYz3bZPjtix6zJBLtjD+yRPTn3zrPz4rx+jY45o51V9gPO+yejYJ+u</latexit>

-⇤
n3=1,n4=2,c=2 ⇤

<latexit sha1_base64="zweFbaVjpULGJinTjYOqn5VeQFs=">AAACGHicbVC7TsNAEDzzJrwClDQnAhJCKLJDEDSREDSUQSIBKQnW+ljglPPZ3K1ByMoP8Al8BS1UdIiWjoJ/wQ4peE01mtnV7kwQK2nJdd+doeGR0bHxicnC1PTM7FxxfqFpo8QIbIhIReYkAItKamyQJIUnsUEIA4XHQXc/94+v0VgZ6SO6jbETwoWW51IAZZJfXGnrGzAmujld91Ptb9a8De1Xa5UNUav02vYqAYMFv1hyy24f/C/xBqTEBqj7xY/2WSSSEDUJBda2PDemTgqGpFDYK7QTizGILlxgK6MaQrSdtJ+mx1cTCxTxGA2XivdF/L6RQmjtbRhkkyHQpf3t5eJ/Xiuh851OKnWcEGqRHyKpsH/ICiOzmpCfSYNEkH+OXGouwAARGslBiExMst7yPrzf6f+SZqXsVctbh9XS7t6gmQm2xJbZGvPYNttlB6zOGkywO/bAHtmTc+88Oy/O69fokDPYWWQ/4Lx9AmQfnuo=</latexit>

-x0=x, t0=if ... (if fst(x) then 1 else snd(x))[(1,2)/x] ! c

<latexit sha1_base64="JcoECBP7g6tvFiUqv3ztCpcSGj0="></latexit>

t , �x. if fst(x) then 1 else snd(x)

<latexit sha1_base64="GjNwcJtb1KcPXijWNo5CqIR9KCo=">AAACXXicbVBLT9tAEN645VHzSttDD1xWRJXoJbJRED2i9tIjSASQ4igab8ZhxHptdscIZPk39txD1V/Ra9t1CJRC5/Tt99DMfmmpyXEUfesEL14uLa+svgrX1jc2t7qv35y6orIKh6rQhT1PwaEmg0Mm1nheWoQ81XiWXn5u9bNrtI4Kc8K3JY5zmBnKSAF7atIlTtgSmJnGK5loH5yCvOknYZIDX6RZTVnz95E5bnZvPoSJvG f4Ao03xI8o1A6bRD6EnJm2oUm3F/Wj+cjnIF6AnljM0aT7PZkWqsrRsNLg3CiOSh7XYJmUxiZMKoclqEuY4chDAzm6cT2vpJHvKwdcyBKtJC3nJD5O1JA7d5un3tme6Z5qLfk/bVRx9nFckykrRqPaRUwa54ucsuS7Rjkli8zQXo6SjFRggRktSVDKk5UvP/R9xE9//xyc7vXjQX//eNA7/LRoZlVsix2xK2JxIA7FF3EkhkKJr+Kn+CV+d34ES8F6sHlnDTqLzFvxzwTv/gC1aLeu</latexit>

<latexit sha1_base64="oEX565vIavLMm8kI00zxFvDY5EE=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4kJJobsEqMeiV48YiKPBAjpHRqYMPvITK8GCX6AX+FVT96MV//Cg//isnJQsE6Vqu50dbmhkoZs+9NKLSwuLa+kVzNr6xubW9ntnaoJIi2wIgIV6LoLBpX0sUKSFNZDjeC5Cmvu4HLi125RGxn4NzQMseVBz5ddKYBiqZ3do4e8c1w8amrZ6xNoHdzxYjubswt2Aj5PnCnJsSnK7exXsxOIyEOfhAJjGo4dUmsEmqRQOM40I4MhiAH0sBFTHzw0rVGSfswPIwMU8BA1l4onIv7eGIFnzNBz40kPqG9mvYn4n9eIqHveGkk/jAh9MTlEUmFyyAgt41qQd6RGIpgkRy59LkADEWrJQYhYjOKeMnEfzuz386RaLDinBef6JFe6mDaTZvvsgOWZw85YiV2xMqswwe7ZE3tmL9aj9Wq9We8/oylrurPL/sD6+AbYzpjH</latexit>

t (1, 2) ! 2
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t , rec x. x

<latexit sha1_base64="ktpajeGFbDNXj5jn3xWv/GBuFLs=">AAACFHicbVC7TsNAEDyHd3gFKGlOREhUkY1AUEbQUIJEIFIcRevLJpxyPpu7NUpkhZJP4CtooaJDtPQU/At2SAEJU41mdrWzE8RKWnLdT6cwMzs3v7C4VFxeWV1bL21sXtkoMQJrIlKRqQdgUUmNNZKksB4bhDBQeB30TnP/+g6NlZG+pEGMzRC6WnakAMqkVokT98lI0F2Ft9wPgW6CTmpQDH3er9z3i61S2a24I/Bp4o1JmY1x3ip9+e1IJCFqEgqsbXhuTM0UDEmhcFj0E4sxiB50sZFRDSHaZjr6ZMh3EwsU8RgNl4qPRPy9kUJo7SAMssk8qp30cvE/r5FQ57iZSh0nhFrkh0gqHB2ywsisIuRtaZAI8uTIpeYCDBChkRyEyMQk6yzvw5v8fppc7Ve8g8rhxUG5ejJuZpFtsx22xzx2xKrsjJ2zGhPsgT2xZ/biPDqvzpvz/jNacMY7W+wPnI9vLiGecQ==</latexit>

rec x. x ! c - x[rec x. x/x] ! c

<latexit sha1_base64="zoTnn4PoYLrGgksuV2BfXgt+JfI="></latexit>

= rec x. x ! c

<latexit sha1_base64="+RUb6EmeZJHPC8TlL9b/3FBW+Ic=">AAACDnicbVC7TsNAEDyHVwgvAx00JyIkqshGQdAgRdBQBok8pNiKzpdNOOX80N0aJbKC+AS+ghYqOkTLL1DwL9gmBSRMNZrZ1eyOF0mh0bI+jcLC4tLySnG1tLa+sbllbu80dRgrDg0eylC1PaZBigAaKFBCO1LAfE9CyxteZn7rDpQWYXCD4whcnw0C0RecYSp1zb1z6vgMb71+ooBPHDqq3I+ogyHlXbNsVawcdJ7YU1ImU9S75pfTC3nsQ4BcMq07thWhmzCFgkuYlJxYQ8T4kA2gk9KA+aDdJP9hQg9jzdLUCBQVkuYi/N5ImK/12PfSyexePetl4n9eJ8b+mZuIIIoRAp4FoZCQB2muRFoO0J5QgMiyy4GKgHKmGCIoQRnnqRinbZXSPuzZ7+dJ87hiVysn19Vy7WLaTJHskwNyRGxySmrkitRJg3DyQJ7IM3kxHo1X4814/xktGNOdXfIHxsc36xubkw==</latexit>

same goal from which we started
no other option to explore:
divergence!

⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

: ⌧

<latexit sha1_base64="QBn49fudfdNIIv++I3XIioLJVjY=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySDiJlETR+rIJp5wfulsjRVa+gRYqOkTL51DwL9jGBSRMNZrZ1c6OFylpyLY/rdLK6tr6RnmzsrW9s7tX3T9omzDWAl0RqlB3PTCoZIAuSVLYjTSC7ynseNObzO88ojYyDO5pFuHAh0kgx1IApZJ71SeIh9WaXbdz8GXiFKTGCrSG1a/+KBSxjwEJBcb0HDuiQQKapFA4r/RjgxGIKUywl9IAfDSDJA875yexAQp5hJpLxXMRf28k4Bsz87100gd6MIteJv7n9WIaXw4SGUQxYSCyQyQV5oeM0DJtAflIaiSCLDlyGXABGohQSw5CpGKc1lJJ+3AWv18m7bO606if3zVqzeuimTI7YsfslDnsgjXZLWsxlwkm2RN7Zi/WzHq13qz3n9GSVewcsj+wPr4BUXOTGQ==</latexit>
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fact , rec f. �x. if x then 1 else x⇥ (f (x� 1))

<latexit sha1_base64="TTOeQs+dg6P1Lgz7fdBoSqQtdeQ="></latexit>

-c=�x. if x then 1 else x⇥(fact(x�1)) ⇤

<latexit sha1_base64="XZGcet0RKQQkqCNyHs8nBCz8R7I="></latexit>

fact ! c - (�x. if x then 1 else x⇥ (f(x� 1)))[fact/f ] ! c

<latexit sha1_base64="iURxzdJ+eEtAeY6FZcP11vLaBZY="></latexit>

= �x. if x then 1 else x⇥ (

factz }| {
(recf. ...)(x� 1)) ! c

<latexit sha1_base64="uLDYDqx97v6KPSqrO8yv722Tm/4="></latexit>
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(fact 1) ! c - fact ! �x0. t0 , t0[1/x0 ] ! c

<latexit sha1_base64="9HFyixpQ/NvtrcMP9m5G0ezT/CE="></latexit>

-⇤
x0=x,t0=if ... (if x then 1 else x⇥ (fact (x� 1)))[1/x] ! c

<latexit sha1_base64="3eSTLT9I+zEP4/rSsfnG6RVjmyw="></latexit>

= if 1 then 1 else 1⇥ (fact (1� 1)) ! c

<latexit sha1_base64="WU5UNezEV+Hn5pxGD6LqIM04Ans="></latexit>

- 1 ! n , n 6= 0 , 1⇥ (fact (1� 1)) ! c

<latexit sha1_base64="aPTCjPxKUwJZrg5D4rAcPduJmhM="></latexit>

-n1=1 fact ! �x00. t00 , t00[1�1/x00 ] ! n2

<latexit sha1_base64="6oMRpJ4iqd6/N2GYBdG9MFBEaf0="></latexit>

-⇤
x00=x,t00=if ... (if x then 1 else x⇥ (fact (x� 1)))[1�1/x] ! n2

<latexit sha1_base64="NW2uT2vkhYXiUJklXmBrm9W0Ebg="></latexit>

= if 1� 1 then 1 else (1� 1)⇥ (fact ((1� 1)� 1)) ! n2

<latexit sha1_base64="rovzNZuKPiBzF68OrYmNWA7po2o="></latexit>

- 1� 1 ! 0 , 1 ! n2

<latexit sha1_base64="9WAPj/rSxhyx7CepLJ2joQyHbjw=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJAiI7CoIygoYSJEIixZa1PhY45Xy27tYgFNHyCXwFLVR0iJaegn/BDikgYaq5mV3N7USpkpZc99MpTU3PzM6V5ysLi0vLK9XVtXObZEZgWyQqMd0ILCqpsU2SFHZTgxBHCjtR/6jwOzdorEz0Gd2lGMRwpeWlFEC5FFa5r2/BmOTWr3i7nk8Jd32+kz8KqsNGJazW3Lo7BJ8k3ojU2AgnYfXLv0hEFqMmocDanuemFAzAkBQK7yt+ZjEF0Ycr7OVUQ4w2GAwvuedbmYU8OEXDpeJDEX9vDCC29i6O8skY6NqOe4X4n9fL6PIgGEidZoRaFEEkFQ6DrDAyrwj5hTRIBMXPkUvNBRggQiM5CJGLWd5Z0Yc3fv0kOW/UvWZ977RZax2OmimzDbbJtpnH9lmLHbMT1maCPbAn9sxenEfn1Xlz3n9GS85oZ539gfPxDVyVnA8=</latexit>

-⇤
n2=1 ⇤

<latexit sha1_base64="CshO6Sg0OPPS4oiyj3coHIjVXLo=">AAACD3icbVC7TsNAEDyHVwivAGWaExESoohsFAQNUgQNZZAIRIqDtT4WOOV8NndrELJS8Al8BS1UdIiWT6DgX3BCCiBMNZrZ1e5MmChpyXU/nMLE5NT0THG2NDe/sLhUXl45sXFqBLZErGLTDsGikhpbJElhOzEIUajwNOwdDPzTGzRWxvqY7hLsRnCp5YUUQLkUlCu+vgVj4tuzzSDTwdae1/dLvr1OwWBQrro1dwg+TrwRqbIRmkH50z+PRRqhJqHA2o7nJtTNwJAUCvslP7WYgOjBJXZyqiFC282GIfp8PbVAMU/QcKn4UMSfGxlE1t5FYT4ZAV3Zv95A/M/rpHSx282kTlJCLQaHSCocHrLCyLwd5OfSIBEMPkcuNRdggAiN5CBELqZ5XaW8D+9v+nFyslXz6rXto3q1sT9qpsgqbI1tMI/tsAY7ZE3WYoLds0f2xJ6dB+fFeXXevkcLzmhnlf2C8/4FOOCcUQ==</latexit>

c = n1⇥n2 = 1⇥1 = 1

<latexit sha1_base64="6CTo7HQ9+IGWMWWCZbEUKKVRhRg=">AAACL3icbVDLSgMxFM34rPVVdekmWARXZaZUFEQounFZwT6gLSWT3tbQTGZI7ghl6Mf4CX6FW12JC8Wtf2GmzkLbntXhnHtzco8fSWHQdd+dpeWV1bX13EZ+c2t7Z7ewt98wYaw51HkoQ93ymQEpFNRRoIRWpIEFvoSmP7pO/eYDaCNCdYfjCLoBGyoxEJyhlXqFC04vqep5tBOrPuj0maSDIgAzsXLZmgstLzV6haJbcqeg88TLSJFkqPUKH51+yOMAFHLJjGl7boTdhGkUXMIk34kNRIyP2BDalipms7rJ9MgJPY4Nw5BGoKmQdCrC342EBcaMA99OBgzvzayXiou8doyD824iVBQjKJ4GoZAwDTJcC9se0L7QgMjSnwMVinKmGSJoQRnnVoxtnXnbhzd7/TxplEtepXR6WylWr7JmcuSQHJET4pEzUiU3pEbqhJNH8kxeyKvz5Lw5n87X7+iSk+0ckH9wvn8AXCCnoA==</latexit>

laziness
evident here

-⇤
n=1,c=n1⇥n2

1 ! n1 , (fact (1� 1)) ! n2

<latexit sha1_base64="yGOv9pwmnxglNoahUwqgNQP4leI="></latexit>

fact , rec f. �x. if x then 1 else x⇥ (f (x� 1))

<latexit sha1_base64="TTOeQs+dg6P1Lgz7fdBoSqQtdeQ="></latexit>
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7.2 Operational Semantics of HOFL 167

Let us now consider pairing. Obviously, since we consider pairs as canonical
values, we do not have to add further rules for simple pairs. We have instead two
rules for projections:

t ! (t0, t1) t0 ! c0

fst(t) ! c0

t ! (t0, t1) t1 ! c1

snd(t) ! c1

The rules are obviously similar: the canonical form of t is computed, which
must be of the form (t0, t1), because t must have pair type for the projection to be
applicable and fst(t) (and snd(t)) typable. Note however that t0 and t1 need not be
in canonical form. So only the canonical form of the component indicated by the
projection operator is computed, with the other component discarded.

Function abstraction is handled by the axiom for terms already in canonical form,
as in the case of pairing. For function application, we show two rules, according
to two different evaluation strategies, called lazy and eager. In the lazy operational
semantics, we do not evaluate the canonical forms of the parameters when passing
them to the function body. The lazy semantics will be our primary focus in the rest
of this part of the book concerned with HOFL:

t1 ! lx. t 01 t 01[
t0/x] ! c

(t1 t0) ! c
(lazy)

We remark that in the second premise of the rule, we replace each occurrence of x
in t 01 with t0, i.e., we replace each instance of x with a copy of the (non-evaluated)
parameter t0 and not with its canonical form.

For the sake of discussion let us consider the eager alternative to this rule:

t1 ! lx. t 01 t0 ! c0 t 01[
c0/x] ! c

(t1 t0) ! c
(eager)

Unlike the lazy semantics, the eager semantics evaluates the parameters only once
and does so before the substitution. Note that these two types of evaluation are not
equivalent. If the evaluation of the argument does not terminate, and it is not needed,
the lazy rule will guarantee convergence, while the eager rule will diverge. Vice
versa, according to the lazy semantics, if the argument is actually needed it may later
be evaluated several times (every time it is used).

Finally, we have a last rule for recursive terms:

t[rec x. t/x] ! c

rec x. t ! c

7.2 Operational Semantics of HOFL 167

Let us now consider pairing. Obviously, since we consider pairs as canonical
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t , (�x. 1) (rec y. y)

<latexit sha1_base64="fjy80VhZO+l0i614fhseFPJjtzY="></latexit>

t ! c - �x. 1 ! �x0. t0 , t0[rec y. y/x0 ] ! c

<latexit sha1_base64="0mB56W1Gs71WXMVF8Ef6x/Y4FLo="></latexit>

-x0=x, t0=1 1[rec y. y/x] ! c

<latexit sha1_base64="gRMuGy5mVWSQLDMefTGDj2FYl4U="></latexit>

= 1 ! c

<latexit sha1_base64="6H6euFPSQ3v8pErzo1BQAOD4EY0=">AAAB+3icbVC7TsNAEDyHVzCvACXNiQiJKrJREDRIETSUQSIPlFjR+bIJp9ydrbs1UhTlK2ihokO0fAwF/4JtXEBgqtHMrmZ3wlgKi5734ZSWlldW18rr7sbm1vZOZXevbaPEcGjxSEamGzILUmhooUAJ3dgAU6GETji5yvzOAxgrIn2L0xgCxcZajARnmEp3F67fx4hyd1CpejUvB/1L/IJUSYHmoPLZH0Y8UaCRS2Ztz/diDGbMoOAS5m4/sRAzPmFj6KVUMwU2mOUHz+lRYlkaG4OhQtJchJ8bM6asnaownVQM7+2il4n/eb0ER+fBTOg4QdA8C0IhIQ+y3Ii0CaBDYQCRZZcDFZpyZhgiGEEZ56mYpNVkffiL3/8l7ZOaX6+d3tSrjcuimTI5IIfkmPjkjDTINWmSFuFEkUfyRJ6dufPivDpv36Mlp9jZJ7/gvH8BhuGTpQ==</latexit>

-c=1 ⇤

<latexit sha1_base64="UDTen9wtfnzBDhl93FxGekfoN4w=">AAACC3icbVC7TsNAEDzzDOEVoKCgOREhUUU2CoIGKYKGMkgkIMVWtD424cT5bO7WIGT5E/gKWqjoEC0fQcG/YIcUvKYazexqdyZMlLTkuu/OxOTU9MxsZa46v7C4tFxbWe3aODUCOyJWsTkPwaKSGjskSeF5YhCiUOFZeHVU+mc3aKyM9SndJRhEMNRyIAVQIfVr676+BWPi234mDryc+/Y6BYPVfq3uNtwR+F/ijUmdjdHu1z78i1ikEWoSCqzteW5CQQaGpFCYV/3UYgLiCobYK6iGCG2QjQLkfCu1QDFP0HCp+EjE7xsZRNbeRWExGQFd2t9eKf7n9VIa7AeZ1ElKqEV5iKTC0SErjCyaQX4hDRJB+TlyqbkAA0RoJAchCjEtqir78H6n/0u6Ow2v2dg9adZbh+NmKmyDbbJt5rE91mLHrM06TLCcPbBH9uTcO8/Oi/P6NTrhjHfW2A84b59ekZrJ</latexit>

t ! c - �x. 1 ! �x0. t0 , rec y. y ! c0 , t0[c
0
/x0 ] ! c

<latexit sha1_base64="gbQRxfz1KB+rjaFGiAzGbVxnLNU="></latexit>

-x0=x, t0=1 rec y. y ! c0 , 1[c
0
/x] ! c

<latexit sha1_base64="3uTeMTi/jNL8k3SBSVgoL3d9XhA="></latexit>

- rec y. y ! c0 , 1[c
0
/x] ! c

<latexit sha1_base64="3botlHDMvwCIWvoszsSNEvbwulU="></latexit>

divergence!

lazy

eager

: int

<latexit sha1_base64="Z9wlxjj8GbP168nU1ljd9Kmalq0=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVZ0vmzCKeezuVsjRVYKvoIWKjpEy6dQ8C+cTQpImGo0s6udnSCWwqDrfjqFpeWV1bXiemljc2t7p7y71zJRojk0eSQj3QmYASkUNFGghE6sgYWBhHYwvsr89gNoIyJ1i5MY/JCNlBgKztBK/kUvZHgnMBUKp/1yxa26Oegi8WakQmZo9MtfvUHEkxAUcsmM6XpujH7KNAouYVrqJQZixsdsBF1LFQvB+GkeekqPEsMwojFoKiTNRfi9kbLQmEkY2Mkso5n3MvE/r5vg8Ny3D8UJguLZIRQS8kOGa2HbADoQGhBZlhyoUJQzzRBBC8o4t2Ji6ynZPrz57xdJ66Tq1aqnN7VK/XLWTJEckENyTDxyRurkmjRIk3ByT57IM3lxHp1X5815/xktOLOdffIHzsc3CQeW6Q==</latexit>

x : ⌧

<latexit sha1_base64="aBsqk8I/JvCoAAJWJ259l2XzFKM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQUMZJPKQEitaXzbhyPmhuzUiWPkHWqjoEC1/Q8G/YAcXkDDVaGZXOztepKQh2/60CguLS8srxdXS2vrG5lZ5e6dpwlgLbIhQhbrtgUElA2yQJIXtSCP4nsKWN7rM/NY9aiPD4IbGEbo+DAM5kAIolZoP512CuFeu2FV7Cj5PnJxUWI56r/zV7Yci9jEgocCYjmNH5CagSQqFk1I3NhiBGMEQOykNwEfjJtO0E34QG6CQR6i5VHwq4u+NBHxjxr6XTvpAt2bWy8T/vE5MgzM3kUEUEwYiO0RS4fSQEVqmNSDvS41EkCVHLgMuQAMRaslBiFSM015KaR/O7PfzpHlUdY6rJ9fHldpF3kyR7bF9dsgcdspq7IrVWYMJdsee2DN7sR6tV+vNev8ZLVj5zi77A+vjGzPZk5s=</latexit>

y : ⌧

<latexit sha1_base64="cstk4+SMZp2SGg0Mtn5QSlMl5No=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSaXPQI4n65YlftDHyRODmpsByNfvmrNwhF7GNAQoExXceOyE1AkxQKp6VebDACMYYRdlMagI/GTbK0U34UG6CQR6i5VDwT8fdGAr4xE99LJ32gOzPvzcT/vG5Mw3M3kUEUEwZidoikwuyQEVqmNSAfSI1EMEuOXAZcgAYi1JKDEKkYp72U0j6c+e8XSeuk6tSqpze1Sv0yb6bIDtghO2YOO2N1ds0arMkEu2dP7Jm9WI/Wq/Vmvf+MFqx8Z5/9gfXxDTVtk5w=</latexit>
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Lazy vs Eager

lazy

eager

t , (�x. x+ x) (1⇥ 2)

<latexit sha1_base64="6viWi/U1hOvFj1wH9/wJpyoLFi0=">AAACIXicbVDLSgNBEJz1bXxFPXoZDEJEDLshosegF48KxgjZEHonbRycnV1neiUhxJ/wE/wKr3ryJt5E/Bd3Yw5qrFNR1UV3VxAracl1352Jyanpmdm5+dzC4tLySn517dxGiRFYE5GKzEUAFpXUWCNJCi9igxAGCuvB9VHm12/RWBnpM+rF2Ayho+WlFECp1MrvEvfJSNAdhTe5oq/SaBt4t3TX5Tu8u33Hi55PMkTLy9u5Vr7gltwh+DjxRqTARjhp5T/9diSSEDUJBdY2PDemZh8MSaFwkPMTizGIa+hgI6Ua0kXN/vCtAd9KLFDEYzRcKj4U8WeiD6G1vTBIJ0OgK/vXy8T/vEZClwfNvtRxQqhFtoikwuEiK4xM+0LelgaJILscudRcgAEiNJKDEKmYpAVmfXh/vx8n5+WSVyntnVYK1cNRM3Nsg22yIvPYPquyY3bCakywe/bIntiz8+C8OK/O2/fohDPKrLNfcD6+AHYKoWI=</latexit>

t ! c - �x. x+ x ! �x0. t0 , t0[1⇥2/x0 ] ! c

<latexit sha1_base64="2TxEtZACMHWJptul73LWwlvZu7o=">AAACTHicbVDBThRBFOxZFXAQWPTopeOGrIlmmCEYPBK9eMTEhU22x82b3gd0tqdn0v1GlkyWT/MTvHvw5hVO3IiJPcPGKPhOlap6r7orK7VyFMffg86Dh4+Wllceh6tP1tY3uptPD11RWYkDWejCDjNwqJXBASnSOCwtQp5pPMqm7xv96Atapwrzic5LTHM4MepYSSBPjbtD4oIKLkPBhTkDa4szEQrtD0yAz6KL2atZa/hD9a MLTn1vfy1C6o8+14kglaPjO/PtcT3rz9Pbe+NuL47idvh9kCxAjy3mYNz9ISaFrHI0JDU4N0riktIaLCmpcR6KymEJcgonOPLQgA9N67aBOd+qHPjYEi1Xmrck/r1RQ+7ceZ55Zw506u5qDfk/bVTR8du0VqasCI1sgkhpbIOctMpXi3yiLBJB83LkynAJFojQKg5SerLyXTd9JHd/fx8c7kTJbvTm425v/92imRX2nL1gL1nC9tg++8AO2IBJ9pX9ZJfsKvgWXAc3wa9baydY7Dxj/0xn6Tf1brCI</latexit>

-x0=x, t0=x+x (x+ x)[1⇥2/x] ! c

<latexit sha1_base64="Kj7JA1twXukHtqMXgucmu1UziVU="></latexit>

= (1⇥ 2) + (1⇥ 2) ! c

<latexit sha1_base64="mSDHZ0daBn3pOWxtgf4exbzyRYg=">AAACE3icbVC7SgNBFJ2Nr7i+Vi0tHAxCRAi7IaKNELSxjGAekA1hdnITh8w+mLkrhJDST/ArbLWyE1s/wMJ/cXdNERNPdTjnXs69x4uk0GjbX0ZuaXlldS2/bm5sbm3vWLt7DR3GikOdhzJULY9pkCKAOgqU0IoUMN+T0PSG16nffAClRRjc4SiCjs8GgegLzjCRutbhpVl0XBQ+aFo+OZ3hLoaUm12rYJfsDHSROFNSIFPUuta32wt57EOAXDKt244dYWfMFAouYWK6sYaI8SEbQDuhAUvSOuPskQk9jjVLYiNQVEiaiTC7MWa+1iPfSyZ9hvd63kvF/7x2jP2LzlgEUYwQ8DQIhYQsSHMlkoaA9oQCRJZeDlQElDPFEEEJyjhPxDipLO3Dmf9+kTTKJadSOrutFKpX02by5IAckSJxyDmpkhtSI3XCySN5Ji/k1Xgy3ox34+N3NGdMd/bJHxifP/y8m1A=</latexit>

-c=c1+c2 (1⇥ 2) ! c1 , (1⇥ 2) ! c2

<latexit sha1_base64="9YOl0xJBMK0McTgZWBMKYPL2V5A="></latexit>

-⇤
c1=2,c2=2 ⇤

<latexit sha1_base64="f5y+n5kOieMRRt2+Ip+Xyd69/JA=">AAACFXicbVA9SwNBEN3z2/gVtbRZDYKIhLsQ0SYg2lhGMDGQxGNuHXXJ3t65O6eEI7U/wV9hq5Wd2Fpb+F+8xBQafdXjvRlm3gtiJS257oczNj4xOTU9M5ubm19YXMovr9RtlBiBNRGpyDQCsKikxhpJUtiIDUIYKDwLOkd9/+wWjZWRPqVujO0QrrS8lAIok/z8ekvfgTHR3fm2nwrfq5R2hF+qlHo817I3CRj08wW36A7A/xJvSApsiKqf/2xdRCIJUZNQYG3Tc2Nqp2BICoW9XCuxGIPowBU2M6ohRNtOB1F6fDOxQBGP0XCp+EDEnxsphNZ2wyCbDIGu7ajXF//zmgld7rdTqeOEUIv+IZIKB4esMDLrCPmFNEgE/c+RS80FGCBCIzkIkYlJVlou68MbTf+X1EtFr1zcPSkXDg6HzcywNbbBtpjH9tgBO2ZVVmOC3bNH9sSenQfnxXl13r5Hx5zhzir7Bef9C05PndU=</latexit>

c = c1+c2 = 2+2 = 4

<latexit sha1_base64="lK7YYC0aGU9w6aqEU4y3bEi7LOw=">AAACJ3icbZDLSsNAFIYn9VbjLerSzWARBKEktaKbQtGNywr2Am0pk+lpHTqZhJkToYQ+iI/gU7jVlTvRhQvfxKR2oa1n9fP958yZ8/uRFAZd98PKLS2vrK7l1+2Nza3tHWd3r2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/dJX5zXvQRoTqFscRdAM2VGIgOMMU9ZxTTu0K5T2PdmLVB529k5xMUlLKjNIcLtmVMu05BbfoTosuCm8mCmRWtZ7z2emHPA5AIZfMmLbnRthNmEbBJUzsTmwgYnzEhtBOpWIBmG4yPW5Cj2LDMKQRaCoknUL4PZGwwJhx4KedAcM7M+9l8D+vHePgopsIFcUIimeLUEiYLjJcizQ1oH2hAZFlPwcqFOVMM0TQgjLOUxinMdppHt789YuiUSp65eLZTblQvZwlkycH5JAcE4+ckyq5JjVSJ5w8kCfyTF6sR+vVerPef1pz1mxmn/wp6+sbCpiilw==</latexit>

t ! c - �x. x+ x ! �x0. t0 , 1⇥ 2 ! c0 , t0[c
0
/x0 ] ! c

<latexit sha1_base64="3uGE2xdsmUFFVGhge11Hq2ruH/Q=">AAACWnicbVBNTxRBEO0dP4ABZf24eem4IWOiGWYIRo9ELx4xcYFke9jU9NZih56eSXeNLJksv9A/YKJ/wqsc6BkmBsE6vbx6Va/q5ZVWjpLkxyC4d//Bw5XVtXB949HjzeGTpweurK3EsSx1aY9ycKiVwTEp0nhUWYQi13iYn35s+4ff0DpVmi90XmFWwIlRcyWBPDUdzokLKrkMBRfmDKwtz0QotF8wA76ILxavF53gLxXFF5 wiL38jwlSQKtDxnW5FT1I0OW5ktNyeNotomV1vnw5HSZx0xe+CtAcj1tf+dPhLzEpZF2hIanBukiYVZQ1YUlLjMhS1wwrkKZzgxEMD/o6s6fJY8q3agbet0HKleUfizYkGCufOi9wrC6Cv7navJf/Xm9Q0f581ylQ1oZGtESmNnZGTVvmgkc+URSJoL0euDJdggQit4iClJ2uffJtHevv7u+BgJ05347efd0d7H/pkVtkL9pK9Yil7x/bYJ7bPxkyy7+w3+8MuBz+DIFgL1q+lwaCfecb+qeD5FbjisaI=</latexit>

-x0=x, t0=x+x 1⇥ 2 ! c0 , (x+ x)[c
0
/x] ! c

<latexit sha1_base64="VrU4EjUDLEn5UpMI8YmpbrWMCZg="></latexit>

-⇤
c0=2 (x+ x)[2/x] ! c

<latexit sha1_base64="2eq+oUpjQaEJjQ8SNgorcZD348o="></latexit>

-⇤
c=4 ⇤

<latexit sha1_base64="L81ZmNuapbAUq+lK3QvCjEsje8E=">AAACDXicbVA9SwNBEN3z2/gVtRKbxSCIRbiTiDZC0MZSwWggF8PcZhIX9/bO3TlDOII/wV9hq5Wd2PobLPwvXmIKTXzV470ZZt4LYiUtue6nMzE5NT0zOzefW1hcWl7Jr65d2igxAisiUpGpBmBRSY0VkqSwGhuEMFB4Fdye9P2rezRWRvqCujHWQ2hr2ZICKJMa+Q1fd8CYqHO920jFUann53x7l4DBRr7gFt0B+DjxhqTAhjhr5L/8ZiSSEDUJBdbWPDemegqGpFDYy/mJxRjELbSxllENIdp6OojQ49uJBYp4jIZLxQci/t5IIbS2GwbZZAh0Y0e9vvifV0uodVhPpY4TQi36h0gqHByywsisG+RNaZAI+p8jl5oLMECERnIQIhOTrKxc1oc3mn6cXO4VvVJx/7xUKB8Pm5ljm2yL7TCPHbAyO2VnrMIEe2BP7Jm9OI/Oq/PmvP+MTjjDnXX2B87HN+3Em6Q=</latexit>

= 2 + 2 ! c

<latexit sha1_base64="r1njE704W75YNbl6hyXAKXEOizw=">AAAB/HicbVDLSsNAFJ3UV62vqks3g0UQhJKUim6EohuXFewD21Am09s6dDIJMzdCCfUr3OrKnbj1X1z4LyYxC209q8M593LuPV4ohUHb/rQKS8srq2vF9dLG5tb2Tnl3r22CSHNo8UAGuusxA1IoaKFACd1QA/M9CR1vcpX6nQfQRgTqFqchuD4bKzESnGEi3V3UTmp9DCgvDcoVu2pnoIvEyUmF5GgOyl/9YcAjHxRyyYzpOXaIbsw0Ci5hVupHBkLGJ2wMvYQq5oNx4+ziGT2KDEtiQ9BUSJqJ8HsjZr4xU99LJn2G92beS8X/vF6Eo3M3FiqMEBRPg1BIyIIM1yKpAuhQaEBk6eVAhaKcaYYIWlDGeSJGSTdpH87894ukXas69erpTb3SuMybKZIDckiOiUPOSINckyZpEU4UeSLP5MV6tF6tN+v9Z7Rg5Tv75A+sj28xlZQD</latexit>

evaluated
twice

: int

<latexit sha1_base64="Z9wlxjj8GbP168nU1ljd9Kmalq0=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVZ0vmzCKeezuVsjRVYKvoIWKjpEy6dQ8C+cTQpImGo0s6udnSCWwqDrfjqFpeWV1bXiemljc2t7p7y71zJRojk0eSQj3QmYASkUNFGghE6sgYWBhHYwvsr89gNoIyJ1i5MY/JCNlBgKztBK/kUvZHgnMBUKp/1yxa26Oegi8WakQmZo9MtfvUHEkxAUcsmM6XpujH7KNAouYVrqJQZixsdsBF1LFQvB+GkeekqPEsMwojFoKiTNRfi9kbLQmEkY2Mkso5n3MvE/r5vg8Ny3D8UJguLZIRQS8kOGa2HbADoQGhBZlhyoUJQzzRBBC8o4t2Ji6ynZPrz57xdJ66Tq1aqnN7VK/XLWTJEckENyTDxyRurkmjRIk3ByT57IM3lxHp1X5815/xktOLOdffIHzsc3CQeW6Q==</latexit>

x : int

<latexit sha1_base64="cNaI0mROvonp0PKWkvuCKW9X9ec=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQUMZJPKQEhOdL5twyvls3a0RkZWGr6CFig7R8icU/Avn4AISphrN7GpnJ4ilMOi6n05hYXFpeaW4Wlpb39jcKm/vNE2UaA4NHslItwNmQAoFDRQooR1rYGEgoRWMLjO/dQ/aiEjd4DgGP2RDJQaCM7TS7cN5N2R4JzAVCie9csWtulPQeeLlpEJy1Hvlr24/4kkICrlkxnQ8N0Y/ZRoFlzApdRMDMeMjNoSOpYqFYPx0mnpCDxLDMKIxaCoknYrweyNloTHjMLCTWUYz62Xif14nwcGZbx+KEwTFs0MoJEwPGa6FrQNoX2hAZFlyoEJRzjRDBC0o49yKie2nZPvwZr+fJ82jqndcPbk+rtQu8maKZI/sk0PikVNSI1ekThqEE02eyDN5cR6dV+fNef8ZLTj5zi75A+fjG+8ul2s=</latexit>
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Termination

termination? rec x. x

<latexit sha1_base64="coUS/+MuZKLdhjD+M6OwPJFLdxk=">AAACB3icbVDLSsNAFJ3UV62vaJduBovgKiRS0WXRjcsK9gFNKJPpbR06eTBzI5bQD/Ar3OrKnbj1M1z4LyYxC209MHA4517umePHUmi07U+jsrK6tr5R3axtbe/s7pn7B10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp1e537sHpUUU3uIsBi9gk1CMBWeYSUOz7gYM7/xxqoDPXfpgZW9oNmzLLkCXiVOSBinRHppf7ijiSQAhcsm0Hjh2jF7KFAouYV5zEw0x41M2gUFGQxaA9tIi/JweJ5phRGNQVEhaiPB7I2WB1rPAzybzqHrRy8X/vEGC4wsvFWGcIIQ8P4RCQnFIcyWyVoCOhAJElicHKkLKmWKIoARlnGdiktVUy/pwFn+/TLqnltO0zm6ajdZl2UyVHJIjckIcck5a5Jq0SYdwMiNP5Jm8GI/Gq/FmvP+MVoxyp07+wPj4BjGVmQw=</latexit>

8t. 9c. t ! c?

<latexit sha1_base64="wkdsxxbIl98yriCs9Ds3Rb1DCrA=">AAACFXicbVC7TgJBFJ3FF+ILtbQZJSZWZNdgtJNoY4mJPBKWkLvDBSfMPjJz10gItZ/gV9hqZWdsrS38FwekUPBUJ+fcm3PvCRIlDbnup5NZWFxaXsmu5tbWNza38ts7NROnWmBVxCrWjQAMKhlhlSQpbCQaIQwU1oP+5div36E2Mo5uaJBgK4ReJLtSAFmpnd/3u7EGpTgVfe7jvU00XFhO3KeYC37ezhfcojsBnyfelBTYFJV2/svvxCINMSKhwJim5ybUGoImKRSOcn5qMAHRhx42LY0gRNMaTl4Z8cPUgM1NUHOp+ETE3xtDCI0ZhIGdDIFuzaw3Fv/zmil1z1pDGSUpYSTGQSQVToKM0NJ2hLwjNRLB+HLkMuICNBChlhyEsGJqS8vZPrzZ7+dJ7bjolYon16VC+WLaTJbtsQN2xDx2ysrsilVYlQn2wJ7YM3txHp1X5815/xnNONOdXfYHzsc3v42deg==</latexit>
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Determinacy?

determinacy? 8t. 8c1, c2. t ! c1 ^ t ! c2 ) c1 = c2

<latexit sha1_base64="X8hQyo5cV2yYVahIrVb8bnGIExo="></latexit>

P (t ! c) , 8c1. t ! c1 ) c1 = c

<latexit sha1_base64="1KVyzKAml8PK6Xa2mzKoWks/yrQ="></latexit>

by rule induction (try by yourself)

<latexit sha1_base64="bdcRvg0G6zNoWxcjhY+XKzN4qNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRAjoiaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h90TGQ1hzaPZKR7ATMghYI2CpTQizWwMJDQDaa3md99BG1EpO5xFoMfsokSY8EZplLrelituXU3B10mXkFqpEBzWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8ZWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6ZdM7q3kXda53XGjdFM2VyRI7JKfHIJWmQO9IkbcIJkCfyTF4c67w6b877z2jJKXYOyR84H98vqpFO</latexit>

?
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Subject reduction

subject reduction?

(statically assigned types do not change at runtime)

P (t ! c) , 8⌧. t : ⌧ ) c : ⌧

<latexit sha1_base64="FM/PuSOuu+HM7ZArSz4y2/ObEPg="></latexit>

8t. 8c. 8⌧. t ! c ^ t : ⌧ ) c : ⌧

<latexit sha1_base64="qbPA+4zgdC4McT4AWuIL7XJTd+c="></latexit>

by rule induction (try by yourself)

<latexit sha1_base64="bdcRvg0G6zNoWxcjhY+XKzN4qNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRAjoiaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h90TGQ1hzaPZKR7ATMghYI2CpTQizWwMJDQDaa3md99BG1EpO5xFoMfsokSY8EZplLrelituXU3B10mXkFqpEBzWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8ZWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6ZdM7q3kXda53XGjdFM2VyRI7JKfHIJWmQO9IkbcIJkCfyTF4c67w6b877z2jJKXYOyR84H98vqpFO</latexit>

?
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Congruence?
t1 ⌘op t2 i↵ 8c. (t1 ! c , t2 ! c)

<latexit sha1_base64="2p6r7f58vpX0bf2I3NttvZNQeMw="></latexit>

is it a congruence?

2 ⌘op 1 + 1

<latexit sha1_base64="1b29xOaQWf5aqQ2B3FQyOKSOLPk=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0EQhLAbIloGbSwjmAdkwzI7uYlDZnfHmbuBsKTwE/wKW63sxNZPsPBf3I0pNPFUh3Pu5Z57fCWFQdv+tHIrq2vrG/nNwtb2zu5ecf+gZaJYc2jySEa64zMDUoTQRIESOkoDC3wJbX90lfntMWgjovAWJwp6ARuGYiA4w1TyiqUqdeE+FmMvcQOGdzpIIjWdUufUKXjFsl2xZ6DLxJmTMpmj4RW/3H7E4wBC5JIZ03Vshb2EaRRcwrTgxgYU4yM2hG5KQxaA6SWzJ6b0ODYMI6pAUyHpTITfGwkLjJkEfjqZBTWLXib+53VjHFz0EhGqGCHk2SEUEmaHDNcibQdoX2hAZFlyoCKknGmGCFpQxnkqxmldWR/O4vfLpFWtOLXK2U2tXL+cN5MnJXJETohDzkmdXJMGaRJOHsgTeSYv1qP1ar1Z7z+jOWu+c0j+wPr4BpQ4m+g=</latexit>

�x. 2 6⌘op �x. 1 + 1

<latexit sha1_base64="w4zPBDg/SEl+btS/VBLl2h+MZtA=">AAACK3icbVDLSgNBEJyNrxhfUY9eBoMgCGE3ROJR9OJRwaiQDaF30olDZmfXmV4xLPkUP8Gv8KonT4oe/Q93Yw7xUaeiqpruriBW0pLrvjqFmdm5+YXiYmlpeWV1rby+cWGjxAhsikhF5ioAi0pqbJIkhVexQQgDhZfB4Dj3L2/RWBnpcxrG2A6hr2VPCqBM6pQbvsrCXeB3VZ/XuK8j8vEmkbed1A+Brk2YRvFoxKdj3p5X6pQrbtUdg/8l3oRU2ASnnfKH341EEqImocDalufG1E7BkBQKRyU/sRiDGEAfWxnVEKJtp+MHR3wnsUARj9FwqfhYxOmJFEJrh2GQJfOj7W8vF//zWgn1Dtqp1HFCqEW+iKTC8SIrjMyaQ96VBokgvxy51FyAASI0koMQmZhkVeZ9eL+//0sualWvXt0/q1cOjybNFNkW22a7zGMNdshO2ClrMsHu2SN7Ys/Og/PivDnv39GCM5nZZD/gfH4BWDGmqw==</latexit>

�x. 2 , �x. 1 + 1 2 C⌧!int

<latexit sha1_base64="5JoSvebxzee8DyD61oaibDuAKy4="></latexit>

�x. 2 ! �x. 2

<latexit sha1_base64="CrOobjPgiWv3ZuYJVh5c95q9JpA=">AAACFHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsEoyXRxhITeSQsIXeHC06YfWTmrpEQWj/Br7DVys7Y2lv4L+4ihYCnOjnn3Nx7jx8rachxvqzcyura+kZ+s7C1vbO7Z+8fNEyUaIF1EalIt3wwqGSIdZKksBVrhMBX2PSHV5nfvEdtZBTe0ijGTgCDUPalAEqlrs09lYZ7wB9KHi9zj6J5pdC1i07JmYIvE3dGimyGWtf+9nqRSAIMSSgwpu06MXXGoEkKhZOClxiMQQxhgO2UhhCg6Yynn0z4SWIgPSFGzaXiUxH/TowhMGYU+GkyALozi14m/ue1E+pfdMYyjBPCUGSLSCqcLjJCy7Qi5D2pkQiyy5HLkAvQQIRachAiFZO0s6wPd/H7ZdIol9xK6eymUqxezprJsyN2zE6Zy85ZlV2zGqszwR7ZM3thr9aT9Wa9Wx+/0Zw1mzlkc7A+fwDg9Zxj</latexit>

�x. 1 + 1 ! �x. 1 + 1

<latexit sha1_base64="kFt+6ziDnJOjFlN+iS0A5IhadMI=">AAACGnicbVDLSgNBEJyNrxhfUY9eBoMiCGFXInoMevEYwTwgG0LvpBOHzD6Y6RXDkj/wE/wKr3ryJl69ePBf3I05aGKdiqpquru8SElDtv1p5RYWl5ZX8quFtfWNza3i9k7DhLEWWBehCnXLA4NKBlgnSQpbkUbwPYVNb3iZ+c071EaGwQ2NIuz4MAhkXwqgVOoWD12VhnvA78sud46dAncp5LNioVss2WV7Aj5PnCkpsSlq3eKX2wtF7GNAQoExbceOqJOAJikUjgtubDACMYQBtlMagI+mk0z+GfOD2EB6RYSaS8UnIv6eSMA3ZuR7adIHujWzXib+57Vj6p93EhlEMWEgskUkFU4WGaFlWhTyntRIBNnlyGXABWggQi05CJGKcdpc1ocz+/08aZyUnUr59LpSql5Mm8mzPbbPjpjDzliVXbEaqzPBHtgTe2Yv1qP1ar1Z7z/RnDWd2WV/YH18AzAvnWk=</latexit>


