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5. SCALE FREE NETWORKS AND 

THE CONFIGURATION MODEL



Degree distribution: Added links form an ER NW with 

prob p. If the original lattice has coordination number 

k0 we finally get for the distribiution of the  total degree 

k a shifted Poisson distribution.

pk = e- <k- k0> < k - k0 >k- k0

(k - k0)!

pk

k
Sharply peaked, shifted Poisson



Summary of the WS model:

- Combines large clustering of some lattices with 

short average distance due to cross links

- Reflects some aspects of social networks   

(communities with high clustering connected  

by long distance links).

- It has a sharp degree distribution ïin contrast    

with real world networks



The Matthew effect:   

ñFor unto every one that hath, 

shall be given, and he shall have 

abundance: but from him that 

hath not shall be taken even that 

which he hath.ò
Matthew 25:29

Wealth, fame, status etc. is unevenly distributed.

Why?

Apostle St. Matthew (El Greco)



Wealth distribiution:

http://www2.ucsc.edu/whorulesamerica/power/wealth.html



http://archikron.blogspot.hu/

The Guardian Nov 11, 2011



ñWe are the 99%ò?Not quite.

There is a distribution 

of wealth and there 

are people  with 

wealth on all scales

O.S. Klass et al. Economics Letters 90 (2006) 290 ï295

p(x) ~ x-Ȁ

Pareto distribution

Forbes 400 (1988-2003); x=w/<w>Ȁ å 2.5



Popularity of youtube videos 

M. Cha et al. KAIST (2007)



Popularity of web pages

Distribution of pages 

with given  # of clicks 

within given period of  

time.

L. A. Adamic and B. A. Huberman,. Quarterly J., of El. Commerce 1, 512 (2000).



Popularity of scientific papers

(Independent) citations 

are scientometric

measures often used in 

evaluation of papers 

and researchers.

S. Redner, Eur. Phys. J. B 4, 131–134 (1998).



Remember: In percolation at criticality there is no 

characteristic length in the system Ą no scale Ą

power laws.

If we have a distribution without a characteristic 

scale (ñscale freeò distribution) Ą power law.

Power laws are very inhomogeneous.

No scale? All scales!



1cx)x(f -=
50.cx)x(f -=

Above a certain x value, the power law is always 

higher than the exponential. 
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We measure the empirical distribution by counting the 
frequency. p(x) ~ x-Ȁ

1

Ȁ

Lin-lin Log-log

log p(x) ~ ðȀlog x

p(
x)

 

p(
x)

 Noisy



The empirical distribution is obtained by making a 

histogram. If equidistant binning is used, there will 

be much fluctuations in the tail: Use log binning!
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There is still too much fluctuation in the distribution 

function. 

Cumulative 

distribution

p(x)

F(x)
Or, alternatively
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If the random variable x is (quasi-) continuous, we 

have probability density function, denoted by p(x)

The probability that a < x < bis then
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What if p(x) is power law?
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If the probability density decays as a power law with an 

exponenent thhen the cumulative distribution function 

P>(x) will also decay as a power law with an exponent 

ðh1.



p(
x)

 

Log. binning
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Cumulative distribution

Slope: ïȀ Slope: ï(Ȁð1)

More sophisticated methods: Clauset et al.,SIAM Review51(4), 661-703 (2009)



Over 3 billion 
documents

Nodes: WWW documents

Links :   URL links

P(k)  ~ k-g
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Characteristic degree
Degrees on all scales

No characteristic degree

Most nodes have 
similar degrees

Peaked distribution


