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7. MOTIFS AND MODULES



How do complex systems function?

Complex networks should reflect the function of the 

systems 

How is the topology related to the function?

Important task: Identifying units which are 

topologically closely related ïthey are expected to 

have functional role.

Microscopic

Mesoscopic      scales

Macroscopic



Microscopic

Mesoscopic  structures

Macroscopic

Microscopic:  node properties + interaction (dyad)

Very systems specific

Macroscopic:  the network as a whole. Global 

characterization, qualitative universality, robustness 

etc.

Mesoscopic: Structures on intermediate scales.

Mesoscale structures: System specific + universal 

features 



So far we have mainly focused on overall structures

Protein interaction

World trade

Facebook friendships
Internet

Collaboration



Mesoscopic structures: subgraphs of the original, 

usually large graph.

Subgraph of  { } EEVVEVG ËÌ= ';' with ',''

such that 'for  ', EeVji ij Í"Í

For mesoscopic structures we assume that Nô << N

Two approaches:

i) Define a type of subgraph, identify topologically 

equivalent occurrences and check how significant this 

class of subgraphs is: motifs

ii) Consider the particular subgraphs after identifying 

them: egocentric networks, communities (often 

identification is the challenge)

G = V,E{ } :



Idea: If a type of subgraph (e.g., a triangle) occurs 

significantly often in a large network, we can expect 

that such subgraphs have an important role in the 

functioning.

Two graphs are topologically equivalent or isomorphic 

if there is an appropriate numbering of nodes such that 

the adjacency matrices become identical. 

Necessary:

N and degrees 

the same

But not sufficient



Motif: set topologically equivalent subgraphs in a network

Cardinality of a set: number of elements 

If the cardinality of a motif is significantly high, we 

expect that the motif has an important role in the 

function of the complex system the network is mapped 

out from.

What is ñsignificantly highò?

We have to compare to a reference system.

Significantly high means that we have a null hypothesis 

that a given cardinality of a motif stems from a reference 

system. If we can exclude this hypothesis then there is 

an additional origin for the effect ïpossibly the function 

of the system.



Usually we take a random network as a reference 

system assuming that correlations are caused by 

the function. Simplest: ER (N, L fixed). This is too 

simple and far from the global, universal 

observations (broad degree distribution). Thus the 

common reference system is the configuration 

model. 
The configuration model can be considered as a 

result of a randomization process: link switching

Randomizing and 

preserving degrees



Measure: z-score

We need a measure for the importance of a motif.

The null model is an ensemble, with means and a 

variances. We compare the empirical cardinality       

to the mean cardinality of the ensemble             , and 

judge about the significance of the deviations by 

comparing them to the standard deviation

Uri Alon
R. Milo et al. Science, 298:824-827 (2002)



R. Milo et al. Science, 298:824-827 (2002)

Different types of networks seem to have 

different typical motifs



E.g., in regulatory networks (gen transcription) some 

motifs are typical. 

Basic regulatory schemes
Typical feed-forward 

subgraph
Creative Commons



Another measure of the significance of the motif 

frequency: p-value statistics

Take the empirical network with N(emp) 

Generate the ensemble by link switching; make M 

measurements or samples (perform enough switches 

between two measurements).
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Here Ni is the cardinality of the motif in sample i



Important: How to choose the reference system?

E.g., in a biological system one may conclude that 

significant overrepresentation of a motif reflects 

evolutional advantage. However, genetic networks 

are embedded in space and neighboring nodes 

interact easier than far laying ones ïbut this aspect 

is entirely ignored if the reference system is the 

configuration model.

There is generally special care needed when 

choosing a null model!

Yael Artzy-Randrup, et al. Science (2004).



Technically, subgraphs have to be identified and there 

are many programs around doing this.

Usually directed networks are considered and N~3-5

This motif approach has been extensively applied in 

biology and not so much in social sciences.

The observation that social networks have high 

clustering is about a specific motif.



The simplest 

undirected 

motifs 

Saraccoet al. (2015)



BiConfiguration model as obtained by matching 

always stubs from A with ones from B.

What is the proper null model? 

A

B
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The most random configurations define an ensemble, 

for which Ὓ ÍÁØȟwhere restrictions or constraints 

╒ὓ should be considered. E.g., constraints are the 

degree sequences in the sets A and B. We arrive at 

distribution containing as many parameters as 

constraints (Lagrange multipliers). Their values are 

calculated by maximum likelihood method. For details 

see the orig. paper by Saracco et al. (2015)

The Shannon entropy S of an ensemble of networks:

Ὓ В ὖὓÌÎὖὓ , where ὓ is a biadjacency matrix

For advanced students:



The ñbiadjacencyò matrix:

Example: World Trade Network

Set A: Countries

Set B: Products

Countries ordered according to the diversity of export

Biadjacency matrix:


